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After several years of effort, constrained model predictive control
(MPC), the de facto standard algorithm for advanced control in
process industries, has finally succumbed to rigorous analysis. Yet
successful practical implementations of MPC were already in place
almost two decades before a rigorous stability proof for constrained
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MPC was published. What then, is the importance of recent theoreti-
cal results for practical MPC applications? In this publication we
present a pedagogical overview of some of the most important recent
developments in MPC theory and discuss their implications for the
future of MPC theory and practice. © 2001 Academic Press.

There is nothing more practical than a good theory.
—Boltzmann

I. Introduction

The past couple of decades have witnessed a steady growth in the use
of computers for advanced control of process plants. Rapid improvements
in computer hardware, combined with stiff foreign and domestic competi-
tion and government regulations, have been largely responsible for this
development. With more than 2000 industrial installations, model predictive
control (MPC) is currently the most widely implemented advanced process
control technology for process plants (Qin and Badgwell, 1997). As is
frequently the case, the idea of MPC appears to have been proposed long
before MPC came to the forefront (Propoi, 1963; Rafal and Stevens, 1968;
Nour-Eldin, 1971). Not unlike many technical inventions, MPC was first
implemented in industry—under various guises and names—Ilong before
a thorough understanding of its theoretical properties was available. Aca-
demic interest in MPC started growing in the mid-eighties, particularly
after two workshops organized by Shell (Prett and Morari, 1987; Prett
et al., 1990). The understanding of MPC properties generated by pivotal
academic investigations (Garcia and Morari, 1982; Rawlings and Muske,
1993) has now built a strong conceptual and practical framework for both
practitioners and theoreticians. Although several issues in that framework
are still open, there is now a strong foundation. The purpose of this paper
is to examine some of the recent developments in the theory of MPC,
discuss their theoretical and practical implications, and propose directions
for future development and research on MPC. We hope that both prac-
titioners and theoreticians will find the discussion useful. We would like to
stress that this work does not purport to be an exhaustive discussion on
MPC to any extent beyond what the title of the work implies. In particular,
important practical issues such as the efficiency and effectiveness of various
numerical algorithms used to solve the on-line optimization problems, hu-
man factors, fault tolerance, detection and diagnosis, and programming
environments for MPC implementation are hardly touched upon in any
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way other than what pertains to their implications for theoretically expected
MPC properties.

Il. What Is MPC?

Although the MPC paradigm encompasses several different variants,
each one with its own special features, all MPC systems rely on the idea
of generating values for process inputs as solutions of an on-line (real-time)
optimization problem. That problem is constructed on the basis of a process
model and process measurements. Process measurements provide the feed-
back (and, optionally, feedforward) element in the MPC structure. Figure
1 shows the structure of a typical MPC system. It makes it clear that a
number of possibilities exist for the following:

* Input—output model
* Disturbance prediction

Take process measurements

Objectives

Constraints

Solve above optimization problem

Best current and future control actions

Implement best current control action

time = ti+1

FiG. 1. Model predictive control scheme.
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* Objective

* Measurement

+ Constraints

 Sampling period (how frequently the on-line optimization problem
is solved)

Regardless of the particular choice made for these elements, on-line optimi-
zation is the common thread tying them together. Indeed, the possibilities
for on-line optimization (Marlin and Hrymak, 1997) are numerous, as
discussed in Section VI,B,2,a.

Figure 1 also makes it clear that the behavior of an MPC system can be
quite complicated, because the control action is determined as the result
of the on-line optimization problem. Although engineering intuition may
frequently be used in the analysis of the behavior or in the design of MPC
systems, theory can provide valuable help. Theory can augment human
judgement and intuition in the development and implementation of better
MPC systems that can realize their full potential as ‘““advanced” control
systems. Some of the benefits of improved MPC systems are better control
performance, less down time, reduced maintenance requirements, and im-
proved flexibility and agility.

The origins of MPC applications in industry are quite interesting. Al-
though the author is more familiar with U.S. industry, developments over-
seas seem to have followed a similar path. The first use of computers to
calculate an on-line economic optimal operating point for a process unit
appears to have taken place in the late 1950s. Astrom and Wittenmark
(1984, p. 3) cite March 12, 1959, as the first day when a computer control
system went on-line at a Texaco refinery in Port Arthur, Texas. The com-
puter control system, designed by Ramo-Wooldridge (later TRW), relied
on an RW-300 computer. Baxley and Bradshaw (1998) mention that around
the same time (1959) Union Carbide, in collaboration with Ramo-Wool-
dridge, implemented an on-line computer control and optimization system,
based also on the RW300, at the Seadrift, Texas, plant’s ethylene oxide
unit. The implementation was not a classical mathematical programming
type optimization. It was an implied ‘‘maximize production” optimization
with a feed allocation algorithm for multiple parallel reactors followed
by a serial train of reactors to convert all the remaining ethylene before
exhausting to the air. However, there was no open publication reporting
this venture. Baxley and Bradshaw (1998) believe that the first open report
related to a similar computer control venture was by Monsanto. It appears
that computer control and on-line optimization were ideas whose time had
come. It also appears that on-line optimization was performed every few
hours at the supervisory level, using steady-state models. Certainly, the
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speed and storage capacity of computers available at the time must have
played a role. As the capability of computers increased, so did the size
and sophistication of on-line optimization. Early projects usually included
ethylene units and major oil refinery processes such as crude distillation
units and fluid catalytic cracking (FCC) units (Darby and White, 1988).
“The objective function was generally an economic one but we had the
flexibility to select alternative ones if the operating and/or business environ-
ment suggested another, e.g., maximize ethylene production, minimize eth-
ylene costs, etc. We were getting the tools to be more sophisticated and
we took advantage of them where it made economic sense” (Baxley and
Bradshaw, 1998).

In the early seventies, practitioners of process control in the chemical
industry capitalized on the increasing speed and storage capacity of comput-
ers by expanding on-line optimization to process regulation through more
frequent optimization. This necessitated the use of dynamic models in the
formulation of on-line optimization problems that would be solved every
few minutes. What we today call MPC was conceived as a control algorithm
that met a key requirement, not explicitly handled by other control algo-
rithms: The handling of inequality constraints. Efficient use of energy, of
paramount importance after the 1973 energy crisis, must have been a major
factor that forced oil refineries and petrochemical plants to operate close
to constraints, thus making constrained control a necessity.

At the time, the connection of MPC to classical control theory was, at
best, fuzzy, as manifested by the title of perhaps the first journal publication
reporting the successful application of the MPC algorithm in the chemical
process industry: “Model Predictive Heuristic Control: Applications to In-
dustrial Processes” (Richalet et al., 1978). As is often the case, ingenuity
and engineering insight arrived at the same result that others had reached
after taking a different route, whether theoretical or heuristic. Where the
MPC idea first appeared as a concept is difficult to trace. Prett and Garcia
(1988) cite Propoi (1963) as the first who published essentially an MPC
algorithm. Rafal and Stevens (1968) presented essentially an MPC algo-
rithm with quadratic cost, linear constraints, and moving horizon of length
1. They controlled a distillation column for which they used a first-principles
nonlinear model that they linearized at each time step. In many ways, and
quite amazingly, that publication contained several of the elements that
today’s MPC systems include. It is evident that the authors were fully aware
of the limitations of the horizon of length 1, but were limited by the
computational power available at the time:

... the step-by-step optimal control need not be overall optimal. ... In the
present work, the one-step approach is taken because it is amenable to
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practical solution of the problem and is well suited to nonlinear situations
where updating linearization is useful. (Rafal and Stevens, 1968, p. 85).

Mayne et al. (1998) provide a quote from Lee and Markus (1967, p. 423)
which essentially describes the MPC algorithm. Nour-Eldin (1971, p. 41),
among others, explicitly describes the on-line constrained optimization idea,
starting from the principle of optimality in dynamic programming:

1 Zusammenfassend: Beim Zeitpunkt f,_, wird das Optimum von Z, ges-
ucht. Der resultierende Steuerungsvektor U*(k) hingt von x(k — 1) ab
und enthélt simtliche Steuervektoren uf, uf,1, ..., ui welche den Prozess
wihrend dem Intervall [f,_,7] optimal steuern. Von diesem Steuervekt-
oren verwendet man den Vektor u*, (welcher von x(k — 1) abhéngt) als
Steuervektor fiir das nédchste Intervall [#;_1, #;]. Beim nédchsten Zeitpunkt
t; wird ein neuer Steuervektor uf,, bestimmt. Dieser wird aus der Zielfunk-
tion Z,,, berechnet und ist von x(k) abhdngig. Damit wird der Vektor
uy, welcher im Intervall 7, verwendet wird, vom Zustandsvektor x(k —
1) abhéngig. Das gesuchte Riickfuhrungsgesetz besteht somit aus der Lo-
sung einer convexen Optimierungsaufgabe bei jedem Zeitpunkt t,_y (k =
1,2, ..., N). [Underlining in the original text.]

Although the value of on-line constrained optimization is explicitly identi-
fied in this passage, the concept of moving horizon is missing. That is,
perhaps, due to the fact that the author was concerned with the design of
autopilots for airplane landing, a task that has a finite duration 7. The
algorithm described above is, essentially, the mathematical equivalent of
MPC for a batch chemical process.

In the sixties and seventies, in contrast to literature references to the
constrained on-line optimization performed by MPC, which were only spo-
radic, there was an already vast and growing literature on a related problem,
the linear-quadratic regulator (LQR) either in deterministic or stochastic
settings. Simply stated, the LOR problem is

min 2 [i]TQx[{] + u[i{]"Ru]{], (1)

X,u ;=0

! Summarizing: At the time point #,_; the optimum of the [quadratic objective function]
Zy is sought. The resulting control [input] vector U*(k) depends on x(k—1) and contains all
control [input] vectors uj, uf.q, ..., uf which control the process optimally over the interval
[tk-1, T]. Of these control [input] vectors, one implements the vector u# (which depends on
x(k — 1)) as input vector for the next interval [£;1, #]. At the next time point #, a new input
vector uf, is determined. This is calculated from the objective function Z ., and is dependent
on x(k). Therefore, the vector u,, which is implemented in the interval 7, is dependent on
the state vector x(k — 1). Hence, the sought feedback law consists of the solution of a convex
optimization problem at each time point #,_, (k = 1, 2, ..., N). (Translation by the author.)



MODEL PREDICTIVE CONTROLLERS 137

where
x[i + 1] = Ax[i] + Bu[{], x[0] = xo, 2)

and the optimization horizon length p could be finite or infinite. A cele-
brated result of LOR theory was

o [i] = K[i]xon[i], i =1, ..., p, 3)

known as the “feedback form” of the optimal solution to the optimization
problem posed by Egs. (1) and (2). The state feedback gain K[i] is not
fixed and is computed from the corresponding Riccati equation. Yet, for
finite p, this viewpoint of feedback referred to a set of shrinking horizons
ending at the same time point, thus corresponding to a control task that
would end at time p. Of course, p could be equal to infinity (in which case
K would be fixed), but then that formulation would not lend itself to
optimization subject to inequality constraints (for which no explicit solution
similar or Eq. (3) could be obtained) because it would involve an infinite
number of decision variables. The ideas of a finite moving horizon and on-
line optimization somehow did not occupy much of the research community,
although it appears that they were known. In fact, a lot of effort was
expended to avoid on-line optimization, given the limited capabilities of
computers of that era and the fast sampling of systems for which LOR was
developed (e.g., aecrospace).

Over the years, the heuristics of the early works on MPC were comple-
mented by rigorous analysis that elucidated the essential features, proper-
ties, advantages, and limitations of MPC. In the next section, we will start
with a smooth introduction to a simple (if not limiting) MPC formulation
that was popular in the early days of MPC. We will then identify some of
its many variants.

A. A TrabrtioNnAL MPC FORMULATION

Consider a stable single-input—single-output (SISO) process with input
u and output y. A formulation of the MPC on-line optimization problem
can be as follows: At time k find

P m
min S wi(ylk + ilk] = ySP2 + D rAulk + i — 1k]%,  (4)
u[k‘k],~-~,u[k+p—1|k] i=1 j=1
subject to

Mmaxzu[k"_i_1|k]2umin;i:19”.’m (5)
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Aty = Aufk + i — 1lk] = — Aoy, i =1, -+, m (6)
Vmax = Y[k + ilk] = ymin, i =1, -+, p, (7)

where p and m < p are the lengths of the process output prediction and
manipulated process input horizons, respectively; ulk + i — 1|k], i =
1, ..., p, is the set of future process input values with respect to which the
optimization will be performed, where

ulk + ikl =ulk + m —1k),i=m,---,p — 1; (8)
ySP is the set-point; and A is the backward difference operator, i.e.,
Aulk + i — 1k] = u[k + i — 1|k] — u[k + i — 2|k]. O]

In typical MPC fashion (Prett and Garcia, 1988), this optimization problem
is solved at time k, and the optimal input u[k] = u, [k|k] is applied to
the process. This procedure is repeated at subsequent times k + 1, k +2
etc.

Itis clear that the foregoing problem formulation necessitates the predic-
tion of future outputs y[k + i|k]. This, in turn, makes necessary the use of
a model for the process and external disturbances. To start the discussion
on process models, assume that the following finite-impulse-response (FIR)
model describes the dynamics of the controlled process:

s

nm=§m&~ﬂ+dm, (10)

where h; are the model coefficients (convolution kernel) and d is a distur-
bance. Then

ylk +ilk] = > hjulk + i — jlk] + d[k + ilk], (11)
j=1
where
ulk +i—jlk]l = ulk +i—jl,i—j<O0. (12)

The prediction of the future disturbance d[k + i|k] clearly can be neither
certain nor exact. An approximation or simplification has to be employed,
such as

dlk + k] = dIKK] = y1K] = 3 hyulk = ], (13)
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where y[k] is the measured value of the process output y at sampling point
k and u[k — j] are past values of the process input u. Substitution of Egs.
(11)-(13) into Egs. (4)—(7) yields

P

min > ow; (2 hjulk + i — jlk] — 2 hiulk —j] + y[k] = ySP>

ulklk], - ulk+p=1lk] ;=1

m (14)
+ > rAulk + i — 1]k]?,
i=1
subject to
Unax = ulk +i—1k] = upin, i=1,2,---,m (15)

Aty = Aulk + i — 1lk] = — Ay, i=1,2,---,m (16)

ymaxzzhju[k + l _]|k] - Eh/u[k_]] +y[k] 2yminy
o o 17)
i=1,--.p.

The preceding optimization problem is a quadratic programming problem,
which can be easily solved at each time k.

B. ExpANDING THE TRADITIONAL MPC FORMULATION

The foregoing formulation of MPC was typical in the first industrial
implementations that dealt with stable processes modeled by finite-impulse-
response models. FIR models, although not essential for characterizing a
model-based algorithm such as MPC, have certain advantages from a practi-
cal implementation viewpoint: Time delays and complex dynamics can be
represented with equal ease. Mistakes in the characterization of colored
additive noise as white in open-loop experiments introduce no bias in
parameter estimates. No advanced knowledge of modeling and identifica-
tion techniques is necessary if simple step-response experiments are used
for process identification. Instead of the observer or state estimator of
classic optimal control theory, a model of the process is employed directly
in the algorithm to predict future process outputs (Morari, 1988). Their
main disadvantage is the use of too many parameters (overparametrization),
which becomes even more pronounced in the multivariable case.

Although a large class of processes can be treated by that formulation,
more general classes can be handled by more general MPC formulations
concentrating on the following characteristics:



140 MICHAEL NIKOLAOU

* Unstable process model. In that case, an FIR process model cannot be
used. A state-space model such as

x[k + 1] = Ax[k] + Bu[k] + Ed[k]

(18)
v[k] = Cx[k] + Du[k] + Fe[k]
or a deterministic autoregressive-moving-average with exogenous in-
put (DARMAX) model,

nd

yIk] =§‘1hiu[k—i1 +§1g,-y[k— i+ X fdlk =11, (19)

can be used. As MPC systems grow in size, the probability of including

an unstable or marginally stable (integrating) unit increases. For such

units, models like in eqs. (18) or (19) are necessary.
» Nonlinear process model. The nonlinearity of chemical processes is
well documented (Shinskey, pp. 55-56, 1967; Foss, 1973; Buckley, 1981;
Garcia and Prett, 1986; Morari, 1986; NRC Committee Report, p.
148, 1988; Fleming, 1988; Prett and Garcia, p. 18, 1988; Edgar, 1989;
Longwell, 1991; Bequette, 1991; Kane, 1993; Allgower and Doyle,
1997; Ogunnaike and Wright, 1997). Typical examples are distillation
columns and reactors. Because nonlinear models are defined by what
they are not (namely, linear), there exist a number of possibilities for
representing nonlinear systems. First-principles, empirical, or hybrid
models in state-space or input—output frameworks are all possible. In
addition, the development and adaptation of such models is a central
issue in MPC.
Stochastic disturbance model. There are various possibilities for using
stochastic disturbance models other than the zero-order model shown
in Eq. (13) (Ljung, 1987).
Stochastic objective function. The preceding MPC formulation assumes
that future process outputs are deterministic over the finite optimiza-
tion horizon. For a more realistic representation of future process
outputs, one may consider a probabilistic (stochastic) prediction for
ylk + i k] and formulate an objective function that contains the ex-
pectation of appropriate functionals. For example, if y[k + i| k] is
probabilistic, then the expectation of the functional in Eq. (4) could
be used. This formulation, known as open-loop optimal feedback, does
not take into account the fact that additional information would be
available at future time points k£ + i and assumes that the system will
essentially run in open-loop fashion over the optimization horizon.
An alternative, producing a closed-loop optimal feedback law relies
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on the dynamic programming formulation of an objective function
such as

min (wi(y[k + 1|k] — ySF)* + Au[k|k]?
ulklk] (20)
+ min (wo(y[k +2/k+1] = ySP)?2 + Au[k + 1|k + 1> + - - )).
ulk+1lk+1]

Although the open-loop optimal feedback law does not result in unwileldy
computational requirements, the closed-loop optimal feedback law is con-
siderably more complicated. For several practical problems the open-loop
optimal feedback law produces results that are close to those produced by
the closed-loop optimal feedback law. However, there are cases for which
the open-loop optimal feedback law may be far inferior to the closed-loop
optimal feedback law. Rawlings ef al. (1994) present a related example on
a generic staged system. Lee and Yu (1997) show that open-loop optimal
feedback is, in general, inferior to closed-loop optimal feedback for nonlin-
ear processes and linear processes with uncertain coefficients. They also
develop a number of explicit closed-loop optimal feedback laws for a num-
ber of unconstrained MPC cases.

* Available measurements. For controlled variables that are not directly
measurable, measurements have to be inferred by measurements of
secondary variables and/or laboratory analysis of samples. Good infer-
ence relies on reliable models. In addition, the results of laboratory
analysis, usually produced much less frequently than inferential esti-
mates, have to be fused with the inferential estimates produced by
secondary measurements.

For MPC systems that use state-space models, usually not all states
are measurable, thus making state estimators necessary (Lee et al.,
1994).

» Constraints. Although constraints placing bounds on process inputs
are trivial to formulate, constraints on process outputs are more elusive,
because future process outputs y[k + i| k] are predicted in terms of a
model. If the probability density function of y[k + i| k] is known, then
deterministic constraints on y[k + i|k] can be replaced by probabilistic
constraints of the form

Pri{y[k + ilk] = ymax) = « (21)

(Schwarm and Nikolaou, 1997).

Sampling period. The selection of the time points #, at which on-line
optimization is performed (Fig. 1) is an important task, albeit not
as widely studied as other MPC design tasks. Things become more
interesting when measurements or decisions take place at different
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C. MPC witHoUT INEQUALITY CONSTRAINTS

time intervals for different variables (Lee et al, 1992). The multitude
of different time scales is usually handled through decomposition of
the overall on-line optimization problem into independently solved
subproblems, each at a different time scale.

When there are no inequality constraints [Eqs. (15)—(17)], the minimiza-
tion of the quadratic objective function in Eq. (4) has a simple closed-form
solution, which can be expressed as follows. Equations (11) and (13) yield

where, assuming that p > n,
YEle = [ylk + 1lk] - - - y[k + plk]"
il = [ulklk] - - - ulk + p = 1|k]]T
uisl = [ulk —n]---ulk—1]]"

ylk] = [y[K] - - - y[K]]"

k+plle — Yavik+ip—1lk
yiiElk = Hufjlr 1

+ Gui, + y[A],

;ﬂ___/
P
1, 0 0
Sk 0 :
H=|h, ' Y
0 . 0
[ ;0 &, hy |
p
[0 &, n|)  [h, )
NE o (| : : }
: ol(? | (P
0 0 ) h, h |
. ;*f-__’

(22)
(23)
(24)

(25)
(26)

27)

(28)
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and Eq. (4) becomes

Jmin (VEEE — ¥ TWREE — y°°) + Aufier R Auge
+p—
klk

= min (HJuf" " + GuiZ) + y[k] + y5°)TW(HJufjm 1k 29
Wetm-1lk
Kk

+ Gull + y[k] — yF) +((1 — Pyul K
— QuiZ)"R((I — P)ufy " — Qui=,

where
ySP — [ySP .. ySP]T (30)
;ﬁr__/
p
uﬁ@’"’”k = [ulklk] - - - ulk + m — 1|k]]" (31)
Au’,gg{m’”k = [Au[klk] - - - Aulk + m — 1|k]]" (32)
W = Diag(w; - - - w,) (33)
R = Diag(r; - - - 1) (34)
m
[0 01
) .
P=|0 rm (35)
| 0 0 1 0]}
n
0 0
2 k : 36
Q= o off” (36)
0 1
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and

B 0 PP 0-\

0

bm

: 0

y=|o0 01| (37)
0 0 1
X b m
L 0 e 0 1.
m

The straightforward solution of the optimization problem in the preceding
equation is

Uy kp-1k = Jug,k+m-1lk
OPk J OP i

= J[(I- P)"R(I — P) + JTH'WHJ| '[JTH'We[k]  (38)
— (1 - P)TRQ + JTH'WG)u}-1],

where e[k] = y°° [k] — y[k], and the input u[k] that will eventually be
implemented will be

ulk] =1 0 -+ Ougper-ti.

;ﬁf'__/
p

Therefore, the controller is a linear time-invariant controller, and no on-
line optimization is needed. Linear control theory, for which there is a vast
literature, can equivalently be used in the analysis or design of uncon-
strained MPC (Garcia and Morari, 1982). A similar result can be obtained
for several MPC variants, as long as the objective function in Eq. (4).
remains a quadratic function of u,t:»-1x and the process model in Eq. (22)

Ik
remains linear in uop;»-1%. Incidentally, notice that the appearance of the
measured process output y[k] in Eq. (22) introduces the measurement
information needed for MPC to be a feedback controller. This is in the

spirit of classical linear optimal control theory, in which the controlled
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process state x[k] contains the feedback information needed by the con-
troller.

Whether one performs the analysis and design using directly a closed
form of MPC such as in Eq. (4) or its equivalent on-line optimization
form, Eq. (38), is a matter of convenience in the translation of engineering
requirements into equations. For example, Eq. (38) can be used to deter-
mine the poles of the controller, and consequently, the closed-loop behavior
(e.g., stability, zero offset). On the other hand, Eq. (4) can be directly used
to help tune the MPC system. For example, it intuitively makes it clear
that the “smaller” the matrix R, the faster the closed loop will be, at the
risk of approaching instability. Similarly, the process output y will track
step changes in the setpoint ySF if the prediction horizon length p is long
enough. An overview of MPC within a linear control framework can be
found in Mosca (1995). Clarke and co-workers have used the term general-
ized predictive control (GPC) to describe an essentially unconstrained MPC
algorithm (Clarke et al., 1987a, 1987b; Bitmead et al., 1990).

The situation is quite different when inequality constraints are included
in the MPC on-line optimization problem. In the sequel, we will refer to
“inequality constrained MPC” simply as ‘“‘constrained MPC.” For con-
strained MPC, no closed-form (explicit) solution can be written. Because
different inequality constraints may be active at each time, a constrained
MPC controller is not linear, making the entire closed loop nonlinear. To
analyze and design constrained MPC systems requires an approach that is
not based on linear control theory. We will present the basic ideas in Section
I1I. We will then present some examples that show the interesting behavior
that MPC may demonstrate, and we will subsequently explain how MPC
theory can conceptually simplify and practically improve MPC.

lll. Stability

A. WHAT Is STABILITY?

The concept of stability is central in the study of dynamical systems.
Loosely speaking, stability is a dynamical system’s property related to
“good” long-run behavior of that system. Although stability by itself may
not necessarily guarantee satisfactory performance of a dynamical system,
it is not conceivable that a dynamical system may perform well without
being stable.

Stability can be quantified in several different ways, each providing
insight into particular aspects of a dynamical system’s behavior. Mathemati-
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cal descriptions of the system and its surroundings are necessary for quanti-
tative results. Two broad classes of stability definitions are associated with
(a) stability with respect to initial conditions and (b) input—output stability,
respectively. The two classes are complementary to each other and can also
be combined. For linear systems the two classes are, in general, equivalent.
However, they are different (although interrelated) for nonlinear dynamical
systems. Next, we make these ideas precise and illustrate their implications
through a number of examples. The discussion encompasses both discrete-
and continuous-time systems. Full details of pertinent mathematical under-
pinnings can be found in standard textbooks on nonlinear systems, such as
Vidyasagar (1993).

1. Stability with Respect to Initial Conditions
Consider a system described by the vector difference equation
x[k + 1] = f(k,x[k]), k=0, 39)

where x:Z, — N and £:Z, X RN" — R". Without loss of generality, the
vector 0 is assumed to be an equilibrium point of the system (39). The
system is said to be stable around the equilibrium point 0 if the state x
eventually returns to 0 when its initial value is anywhere within a small
neighborhood around 0. The preceding statement is accurately captured
in the following definitions.

Definition 1—Stability. The equilibrium point 0 at time k, of Eq. (39)
is said to be stable at time k, if, for any € > 0, there exists a d(kq, €) > 0
such that

[x[ko]ll < 8(ko, €) = |IX[K]| < &, Vk = k. (40)

Definition 2—Uniform Stability. The equilibrium point 0 at time k, of
Eq. (39) is said to be uniformly stable over [kg, «) if, for any &£ > 0, there
exists a 8(g) > 0 such that

Ix[€]ll < &(e)

= kﬂ} = |X[k]| < &, Vk = ¢. (41)

Definition 3—Asymptotic Stability. The equilibrium point 0 at time ko
of Eq. (39) is said to be asymptotically stable at time kj if

(a) it is stable at time kq and

(b) there exists a 8(kg) > 0 such that

Ix[kolll < &(ko) = lim [Ix[K]| = 0. (42)
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Definition 4—Uniform Asymptotic Stability. The equilibrium point 0
at time ko of Eq. (39) is said to be uniformly asymptotically stable over
[ko, °°) if

(a) it is uniformly stable over [ky, ©) and
(b) there exists a 6 > 0 such that

%} = lim [x[K]| = 0. (43)

Definition 5—Global Asymptotic Stability. The equilibrium point 0 at
time k, of Eq. (39) is said to be globally asymptotically stable if

lim |x[k]|| = 0 (44)

k—o
for any x[kq].
Remarks

+ Although there are no requirements on the magnitude of § that appears
in the above definitions, in practice dis desired to be as large as possible,
to ensure the largest possible range of initial states that eventually go
to 0.

+ It is not important what particular norm |*|| in )" is used in Egs. (40)
and (41), because any two norms ||, and [*||, in %" are equivalent,
i.e., there exist positive constants k; and k, such that kx|, = [x], =
ky||x||, for any x € 9". We will see that the choice of particular norm
is important in input—output stability.

* As the preceding definitions imply, for a system not to be stable around
0, it is not necessary for the system to produce signals that grow without
bounds. The following example illustrates the case.

Example 1—Unstable System with Bounded Output. For the feedback
system described by the equation

x[k + 1] = 0.5x[k] + Sat(2x[k]), x[0] = 0.01, (45)
where the saturation function is defined as

1 ify>1
Sat(y)=49 y if-1=y=1, (46)
-1 ify<-1
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2 1/(z05) |—*

Y

Y
A

A

x[k]

Fic. 2. A bounded-output system that is unstable with respect to initial conditions
(x[0] = 0.01).

the point 0 is an unstable equilibrium point, because x moves away from
0 for any x[0] # 0, but it does not ever grow without bound, as Fig. 2 shows.

Example 2—Unstable CSTR with bounded output. Consider the reac-
tion R — P occurring in a nonisothermal jacket-cooled continuous stirred
tank reactor (CSTR) with three steady states, A, B, C, corresponding to
the intersection points of the two lines shown in Fig. 3 (Stephanopoulos,

Heat/time

Heat

generation
rate

4

T T, Ts Temperature
Fic. 3. The three steady states of the nonisothermal CSTR in Example 2.
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1984, p. 8). The steady state B corresponding to the temperature 75 is
unstable with respect to initial conditions. Indeed, if the CSTR is initially
at temperature 7, + ¢, then it will eventually reach either of the finite
temperatures 7; or T3, according to whether ¢ is negative or positive.

2. Input-Output Stability

Input-output stability refers to the effect of system inputs to system
outputs. Therefore, the emphasis is on how the magnitudes of inputs and
outputs are related. First, we make these ideas of magnitude, system, and
stability more precise.

Definition 6—p-norms. The magnitude of a signal x: Z, — " is quanti-
fied by its p-norm, defined as

= (3 k) @)

where 1 = p = o and |x[k]|| can be any Euclidean norm in )"
Based on this definition, we can provide a first definition of stability.

Definition 7—Bounded-input—bounded-output (BIBO) stability. A
system S, mapping an input signal u to an output signal x with S(0) = 0,
is stable if bounded inputs produce bounded outputs, i.e.,

ll, < o0 =[x, < . (48)
An alternative statement of Eq. (48) is
uelf=xely, (49)
where
2 z: Z— e, < o0} (50)

A usual convention is to chose p = g in Definition 7, although different
values for p and g may be selected. For example, the option p = «, g =
2 may be selected so that step inputs (for which |ull, = o but |juf.. < )
can be included.

Although Definition 7 is useful in characterizing instability in a meaning-
ful way, it is not always as useful in characterizing stability in a meaningful
way as well, as the following example shows.
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Example 3—BIBO stability. Consider the system of Fig. 4. A pulse
disturbance d of any amplitude drives the output y of the system to the
final steady-state value 2, while the input u reaches a steady state value of
1, and the variable v reaches a steady-state value of 4. Figure 5 shows the
response of the system for pulses d of amplitude 1 (diamond), 0.1 (square),
and 0.01 (triangle). It is clear that the system output y does not return to
the desired value of 0, so the system should not be characterized as stable.
Yet the BIBO stability criterion with the %-norm would characterize this
system as stable, because ||y|.. < % for any input d. Of course, a different
norm |y||, with 1 = p < c might be used, in which case the system would
be characterized as BIBO unstable. The compromise would be that systems
generating signals such as y[k] = 1/(k + 1)'7 would also be BIBO unsta-
ble, because,

<] 1 p
P — E RN =
”y“P & ((k + 1)l/p> @,

although lim y[k] = 0. A better definition of stability would require not
k0

only that bounded inputs produce bounded outputs, but also that the ampli-
fication of bounded inputs by the system be finite. More precisely, we have
the following definition of finite-gain stability.

Definition 8—Finite-gain (FG) stability. A system S:[' > [j:u— x =
Su is finite-gain stable if the gain (induced norm) of S is finite, i.e.,

. x|
ISlipg = sup o < co. (51)

uelr'—{0} ”““p

The advantage of FG stability over BIBO stability is that systems such
as in Example 3 no longer have to be characterized as stable, a conclusion
that agrees with intuition. Indeed, for Example 3 we have that pulses of
infinitesimally small amplitude drive the output y to 2; consequently,

. 2
[IS[|;e = sup [yl = lim = . (52)
dell -0} ldll: .~ [|d]].:

_>?_> -2 d e Yl 1/(z05) Y
1 |

FiG. 4. The feedback system of Example 3.

Y
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X
N
-5 0 5 10 15 20
k
)
~
-5 0 5 10 15 20
k
X
=

-5 0 5 10 15 20

k
FiG. 5. A system that is input—output BIBO stable.

The shortcoming of Definition 8 is that the input signal u can vary over

the entire space ['. This creates two problems:

(a) The entire space /;' may contain physically meaningless signals

(b) The stability characteristics of S may be different over different

subsets of /.
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The following two examples clarify the above statements.
Example 4—Selecting physically meaningful inputs to characterize sta-

bility. Consider a continuous stirred-tank heater modeled by the follow-
ing equations, in continuous time:

%: Il_/ [(Fs +u@ONTi— T() + UA(T;T:TO))] o
UA/pc (T. - Ty),

YO =10 =1 5 U Alpe,
where

V = heater volume
F, = volumetric feed flowrate at steady state
T; = feed temperature
T = heater temperature
T. = heating coil temperature
U = heat transfer coefficient
A = heat exchange area
p = density of liquid in heater
¢, = specific heat of liquid in heater.
The above equation defines an operator S:u — y, where u refers to the

feed flowrate and y to temperature, both in deviation form. It can be shown
(Nikolaou and Manousiouthakis, 1989) that

Sl = sup e (54)

where the supremum is attained for

UA UA
ult)=—-Fs——=F@t)=——,t=0. 55
()= ~F= 2= F == O (55)

This suggests that a negative flowrate F(t) would result in instability. How-
ever, since the flowrate is always nonnegative, this instability warning is of
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little value. In fact, computation of the gain of S over the set W = {u|u,
= u(f) < oo, where —F; < up,,, yields

” ” (Tc - Ti) UCA
1S} = uiv‘élim”i”m - — P <, (56)
<— + FS + umin>
p

implying that the system is indeed FG stable for all physically meaningful
inputs, as one would intuitively expect.

Example 5—Stability dependence on the set of inputs. Consider a contin-
uous stirred-tank reactor modeled by the following equations, in continu-

ous time:

dea L0 (¢ - caw) - Caliyae =10

dt
ar _F() .. _AHg Rty _ 9
T N

u(t) = F(t) — Fs

y@©)=T(@) - Ts,
where

F = volumetric feed flowrate
V = CSTR volume = 1.36 m*
Ca = concentration of A in CSTR
CA; = concentration of A in inlet stream = 8008 mol/m?>
« = kinetic constant = 7.08 X 107 1/hr
E/R = activation energy/gas constant = 8375 K
T = temperature in CSTR
T; = inlet temperature = 373.3 K
AHgy = heat of reaction = —69,775 j/mol
p = density of liquid in CSTR = 800.8 kg/m?
¢, = specific heat of liquid in CSTR = 3140 j/kg — K
QO = heat removal rate = 1.055 X 108 j/hr
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565
560
X 555
S ss0
545
540
0 10 20 30 40 50
t hr
F,t<0
FiG. 6. Response of CSTR to the flowrate pulse F(f) = { 1.5F 0 =¢<25.
F,t=25

The reactor has three steady states. Eigenvalue analysis of the linearized
system around the steady state corresponding to

Fs = 1.133 m%/hr
Ts = 547.6 K (58)
Cas = 393.2 mol/m?

reveals that the preceding steady state is locally stable with respect to
initial conditions. Consequently, it is input—output stable for inputs of
small enough magnitude. To determine what ‘“‘small enough” means in
the previous sentence requires careful analysis. For example, single pulse
changes in u of magnitude —0.5Fs or +0.5Fs do not reveal any instabilities
(the CSTR returns to the original steady state, Figs. 6 and 7), but successive

560

0 10 20 30 40 50
t, hr
F,t<0
FiGc. 7. Response of CSTR to the flowrate pulse F(t) = { 0.5F; 0 =¢<?25.
F,t=25
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pulse changes of magnitudes —0.5Fs and then +0.5Fs drive the CSTR to
instability (S|l = «), as Fig. 8 demonstrates. Therefore, this CSTR is
not input—output stable for u bounded in the interval [—0.5F5s, 0.5Fs]. Choi
and Manousiouthakis (1997) have introduced the concept of finite-gain/
initial conditions stability, to combine the insights provided by each of the
above two kinds of stability:

Definition 9—Finite-gain/initial conditions stability. A system S:
I3t — I w— x = Suis finite-gain stable over the set U for initial conditions
s[0] in the set S if the following inequality holds:

sup [l < o, (59)

uet [ul,

s[0]eS
The advantage of this definition is that it gives a complete characterization
of the stability behavior of a system. Its disadvantage is that the computation
of the left-hand side in Eq. (59) is not trivial.

B. Is StaABILITY IMPORTANT?

As Section III,A emphasized, stability is a fundamental property of a
dynamic system that summarizes the long-term behavior of that system.
There are two important implications of this statement:

1. MPC controllers should result in closed loops that are stable. There-
fore, if an optimal MPC system is to be designed, only candidates from a
set of stabilizing MPC controllers should be considered in the design. Ide-
ally, the set of all stabilizing MPC controllers should be known. That set

600
550
500
450
400
350
300

7(2), K

0 10 20 30 40 50
t, hr
F,t<0
Fic. 8. Response of CSTR to the flowrate pulses F(1) = {O.SFS’ 0=r<25.
15Ft=25
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is difficult to determine for constrained MPC, given the richness allowed
in the structure of constrained MPC. However, one can find subsets of
the set of all stabilizing MPC controllers with constraints. Selecting MPC
controllers from such a subset can have significant implications on closed-
loop performance, as Section V,C demonstrates. For unconstrained MPC
controllers with linear models, which are equivalent to linear, time-invariant
controllers as shown in Section II,C, the set of all controllers that can
stabilize a given linear plant can be explicitly parametrized in terms of a
single stable transfer function through the celebrated Youla parametriza-
tion (Vidyasagar, 1985). For stable plants, the Youla parametrization is the
same as the internal model control (IMC) structure (Morari and Zafi-
riou, 1989).

2. The discussion in Section III,A is most relevant for continuous pro-
cesses, for which operating time can theoretically extend to infinity. For
batch processes, operating time is finite; consequently, stability should be
examined in a different framework. For example, instability that would
generate signals that grow without bounds might not be detrimental, pro-
vided that the rate of growth is very small with respect to the batch cy-
cle time.

IV. The Behavior of MPC Systems

The examples that follow attempt to expose some MPC pitfalls. All
examples are intentionally kept as simple as possible, to easily expose
the theoretical issues associated with each one of them. Because of that
simplicity, the issues highlighted in each example could be easily addressed
by intuitive design (tuning) improvements of the corresponding MPC sys-
tems. Our purpose, however, is not to use these examples to test the ultimate
capabilities of MPC. Large multivariable systems, for example, would be
better suited for that purpose. Our intention is to help the reader understand
the theoretical issues associated with these examples by easily following
some of the associated calculations.

A. FEASIBILITY OF ON-LINE OPTIMIZATION

Because MPC requires the solution of an optimization problem at each
time step, the feasibility of that problem must be ensured. For example,
the optimization problem posed in Egs. (14)—(17) may be infeasible. If the
on-line optimization problem is not feasible, then some constraints would
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have to be relaxed. Finding what constraints to relax in order to get a
feasible problem with optimal deterioration of the objective function is
extremely difficult, since it is an np-hard problem. A possible (and partial)
remedy to the problem is to consider constraint softening variables & on
process output constraints, e.g.,

Vmax + € = y[k + k] = ymin — &, i =1, -+, p, (60)

and include a penalty term such as & in the objective function. Feasibility,
in addition to being a practical consideration, is also important for closed-
loop stability of MPC. In fact, algorithms have been developed by Mayne
and co-workers that merely require the existence of a feasible instead of
optimal solution of the on-line optimization problem, to guarantee closed-
loop stability of an MPC system.

B. NoNnMINIMUM PHASE AND SHORT HORIZONS

Example 6—Closed-loop stability for a nonminimum-phase process.
Consider a nonminimum-phase process described by the equation

y[k] = hulk — 1] + houlk — 2] + hsu[k — 3] + haulk — 4] + d[k], (61)

with i, = 0 (dead time), h, = —1 (inverse response), 3 = 2, hy = 0 (Genceli
and Nikolaou, 1993; Genceli, 1993). Assume no modeling uncertainty. For
that process, consider the constrained MPC on-line optimization

min S ylk+ik] =y + S rldulk K] (62)

ulklk], - ulk+p=11] ;=1 i=0
with p = 3 and m = 1, subject to the constraints
Umin = —0.2 = u[k + ilk] = 0.2 = ttyay.

This optimization can be trivially transformed to linear programming. A
step disturbance equal to —0.05 and a step setpoint change equal to 0.05
enter the closed loop at time k = 0. For move suppression coefficient values
ro = r; < 0.5, the resulting closed-loop response is shown in Fig. 9. The
closed loop is clearly unstable. If the move suppression coefficients take
values ry = r; = 0.5 (to penalize the move suppression coefficients even
more) the closed loop remains unstable, as shown in the Fig. 10. The
instability is due to the nonminimum phase characteristics of the process.
Although a longer optimization horizon length, p, might easily solve the
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0.1
0.05
0 e ul)

- =

-0.15

k
FiG. 9. Closed-loop response for the process of Example 6, with ry = r; < 0.5.

problem, a simple remedy can also be obtained by considering the following
end constraint on u in the on-line optimization:

¥ — ylk] + 3% gulk — ]
2t 8

ulk + ilk] = foralli = m. (63)

Here, g; are model estimates of the coefficients 4;. The meaning of Eq. (63)
is that the value of the process input u at the end of its horizon should
correspond to a steady-state value that would produce zero steady-state
offset,

. . [k % [k]
VP — | ulk + ilk]=N, g +- - ~ |,
ylk] =2t gjulk =]

0.1

0.05
e uk) |
= = ySP(k)

k
Fig. 10. Closed-loop response for the process of Example 6, with ry = r; = 0.5.
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for the process model output y[k + %|k]. The closed-loop response for move
suppression coefficient values ry = r; = 2.7 is shown in Fig. 11. It turns out
that these values for the move suppression coefficients are sufficient for
robust stability of the closed loop, when the modeling errors ey, e,, e, e4
for the coefficients hy, h,, hs, hy are bounded as | e, | = | by — g1 |= 0.12,
lex| =1[hy — g =010, [ es| = | hs — g5 [=0.08, | es | = | hy — g4 |= 0.05
(Genceli and Nikolaou, 1993). The key to achieving stability was the end
constraint, Eq. (63). It turns out that inclusion of an end constraint of
the type

x[p] =0 (64)

in the on-line optimization performed by MPC is a convenient way to
generate a controller structure for which stability can be easily shown
(Section V,A).

C. INTEGRATORS AND UNSTABLE UNITS

With the dimension of multivariable MPC systems ever increasing, the
probability of dealing with a MIMO process that contains an integrator or
an unstable unit also increases. For such units FIR models, as used by
certain traditional commercial algorithms such as dynamic matrix control
(DMC), is not feasible. Integrators or unstable units raise no problems if
state-space or DARMAX model MPC formulations are used. As we will
discuss later, theory developed for MPC with state-space or DARMAX
models encompasses all linear, time-invariant, lumped-parameter systems
and consequently has broader applicability.

0.15
0.1
0.05
0
-0.05
-0.1
-0.15
0.2 =

Fic. 11. Closed-loop response for the process of Example 6, with r, = r; = 2.7, end
condition enforced.
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In contrast to constrained MPC of stable plants, constrained MPC of
unstable plants has the complication that the tightness of constraints, the
magnitude and pattern of external signals, and the initial conditions all
affect the stability of the closed loop. The following simple example illus-
trates what may happen with a simple unstable system.

Example 7—Stability regions. Consider the unstable plant P(s) =
—(s + 1)/(s — 3) controlled by the P controller C(s) = 2. The controller
output is constrained between —1 and 1. A disturbance, d, is added to the
controller output, to create the final input to the plant. The accompanying
figures show responses to three different disturbances. The response in Fig.
12, resulting from the step disturbance d = 0.5, clearly corresponds to
unstable closed-loop behavior. The response in Fig. 13, resulting from a
smaller step disturbance d = 0.26, shows a bounded plant output. However,
one cannot say that disturbances of amplitude 0.26 or smaller result in
stable closed-loop behavior. Indeed, as Fig. 15 shows, the plant response
to the pulse disturbance of amplitude 0.26, shown in Fig. 14, is clearly un-
stable.

The above simple example makes it clear that characterization of exter-
nal inputs that do not destabilize a closed loop is by no means trivial, when
the plant is unstable. Similar comments can be made about dependence of

37
x 10

25

y 1.5

0.5

0 50 100 150 200 250 300 350

sampling instant, k
FiG. 12. Plant response to step disturbance d = 0.5 at t = 1 (k = 10) for Example 7.
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FiG. 13. Plant response to step disturbance d = 0.26 at r = 1 (k = 10) for Example 7.

stability on the initial state of the system. For the case of a linear, unstable
system with bounded inputs and without external disturbances, Zheng and
Morari (1995) have developed an algorithm that can determine the domain
of attraction for the initial state of the system.

0.35

0.3

0.25
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0 50 100 150 200 250 300 350
sampling instant, k
FiG. 14. Pulse disturbance for Example 7.
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x 10

0 50 100 150 200 250 300 350
sampling instant, k
FiG. 15. Output for pulse disturbance in Example 7.

D. NONLINEARITY

MPC systems that employ nonlinear models may exhibit increased com-
plexity due to two main factors:

(a)

(b)

Nonlinear programming, required for the solution of the MPC on-
line optimization problem, does not produce exact solutions, but
rather solutions that are optimal within a certain prespecified preci-
sion tolerance, or even locally optimal, if the optimization problem
is nonconvex.

Even if the global optimum of the on-line optimization problem is
assumed to be exactly reached, MPC behavior may show patterns
that would not be intuitively expected. For instance, Rawlings et al.
(1994) discuss two simple examples of MPC applied to nonlinear
systems, where the state feedback law turns out to be a discontinuous
function of the state, either because of stability requirements, or
due to the structure of MPC. As a result, standard stability results
that rely on continuity of the feedback law cannot be employed.

Example 8—A nonlinear process that cannot be stabilized by a continu-
ous feedback law. In the first example, the following two-state, one-input
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system is considered:

xi[k + 1] = x[k] + u[k]
X[k 4+ 1] = x,[k] + ulk]? (65)
x1[0], x,[0] given

Meadows et al. (1995) showed that the following MPC nonlinear program,
corresponding to a moving horizon of length 3, results in a closed loop
that is globally asymptotically stable around the equilibrium point x, =
(0, 0).(Recall that an equilibrium point x. is globally asymptotically stable
if x[k] — x. as k — oo for any initial point x[0].)

min 22: (x1[k + i|k]* + x2k + i|k)? + ulk + ilk]*) (66)

ulklk)ulk+1|k]ulk+2lk] ;=0
subject to the terminal constraint
xi[k + 3|k] = x,[k + 3|k] = 0. (67)

Meadows et al. (1995) also showed that horizons of length less than 3 cannot
globally asymptotically stabilize this system, while horizons of length larger
than 3 will result in less aggressive control action. The control law u(x) for
the horizon of length 3 turns out to be continuous at the origin, but has
discontinuity points away from the origin. In fact, no continuous state
feedback law can stabilize the system of Egs. (65). To show that, following
Meadows et al. (1995), first note that any stabilizing control law must allow
both positive and negative input values for x. If the control is strictly
positive, trajectories originating in the first quadrant move away from the
origin under positive control action. If the control is strictly negative, trajec-
tories originating in the third quadrant also move away from the origin.
Yet u(x) cannot be identically zero for any nonzero x. If it were, then this
x would be a fixed point of the dynamic system and trajectories containing
this x would not converge to the origin. We have the situation in which
the feedback control law must assume both negative and positive values
away from the origin, yet must be zero nowhere away from the origin.
Therefore, the control law must be discontinuous.

Example 9—A finite prediction horizon may not be a good approximation
of an infinite one for nonlinear processes. In the second example, consider
the single-state, single-input system

x[k + 1] = x[k]*> + u[k]? — (x[k]* + u[k]?)? (68)
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with the MPC controller

min i (x[k + i|k]? + ulk + i|k]?) (69)

ulklk]ulk+1lk] ;=0
subject to the terminal constraint
x[k + 2|k] = 0, (70)

which is feasible if the initial state is restricted such as |x[k]| = 1. The
control law resulting from this optimization, Egs. (69) and (70), is

_]0 x=0
u(x) = {i\/——xz 0O<p=1 (7
resulting in an optimal cost
_J0 x=0
Jon(0) = {1 0<p=1 (72)

Both u(x) and J,(x) are discontinuous at the origin. Therefore, stability
theorems that rely on continuity cannot be used. Yet, it is simple to check
by inspection that the feedback law of Eq. (71) (with either sign chosen)
is asymptotically stabilizing. However, the continuous feedback control law
u(x) = 0, resulting in the closed-loop system

x[k + 1] = x[k] — x[k]* (73)

is asymptotically stabilizing for initial conditions in [—1, 1]. The actual
closed-loop cost incurred using this feedback control law is 37_ox[k]*.

It turns out (Rawlings et al., 1994) that for initial conditions in [—1, 1],
the closed-loop cost of the zero control action is always less than that for
the optimal MPC controller with fixed horizon. Since the actual incurred
cost is calculated over an infinite horizon, it is reasonable to ask whether
the minimum cost of the finite horizon MPC problem would approach the
cost incurred using the zero controller as the horizon length tends to infinity.
The answer is negative. In the finite horizon MPC on-line optimization
problem we require that the terminal constraint x[p] = 0 be satisfied, where
p is the horizon length. Because of the structure of the problem, the closed-
loop MPC cost is 1 for all horizon lengths. This example demonstrates that
the intuitive idea of using the terminal constraint x[p] = 0 and a large value
of p in order to approximate the desired infinite horizon behavior, an idea
that works for linear systems, does not work in general for nonlinear
systems.
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E. MobpEL UNCERTAINTY

Example 10— Ensuring robust stability of a heavy oil fractionator.
Vuthandam et al. (1995) considered the top 2 X 2 subsystem of the heavy
oil fractionator modeled in the Shell Standard Process Control Problem
(Prett and Garcia, 1988) as

4.05e7%  1.77e72%
50s +1 60s+1
5.39¢7 18 4.05¢7%" |
50s +1 60s+1

P(s) = (74)

Discretization for a sampling period of 4 min yields a corresponding dis-
crete-time model that is used in the MPC on-line objective function

T[k] = Z 2 (yjlk + ilk] = yi7)* + 22: i rildu [k + il k]

j=1 j=1i=0

7 75
2 ei[k + ilk]? 75)
with the constraints

—3=Aulk] =3
S=uwlk] =5 (76)
—0.5 — e[k + i|k] = yi[k + i|k] = 0.5 + e[k + i|k],

with setpoints

y =y =0 (77)
and step disturbances
d1 =1.2
(78)
d, = —0.5.
In addition to these constraints, the end constraint
ulk + m + ilk] = G Y(y5* — d[k|k]),i =0, (79)

is considered, where G is the steady-state gain of the process. Simulation
of this system verified the robust stability analysis of the above authors, as
shown in Table I and the corresponding figures (Figs. 16, 17, and 18).

F. FrRAGILITY

Because MPC relies on the numerical solution of an on-line optimization
problem, it may find a solution to that problem that is not exactly equal to the
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TABLE I
End condition,
Eq. (79) Input move suppression coefficients Closed-loop behavior
Not used ro = ryp = 0.10 Unstable
ryE =13 = 0.12
rp, =rp= 012
Fiz = I3z = 0.12
Used ro = ryp = 0.06 Unstable

rhE =1 = 0.07
rp = rn = 0.07
iz = I3 = 0.07
Used rio = rp = 10.82 Robustly stable (rigorous proof)
rhE =13 = 11.15
r, = rp = 11.46
riz = Iz = 11.86

g
3
&
3
Q
time, k
FiG. 16. Closed-loop response for Example 10, Case 1.
30 +
g
R
&
S
Q
-20
-30

time, k
Fic. 17. Closed-loop response for Example 10, Case 2.
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Outputs

350

time, k
Fic. 18. Closed-loop response for Example 10, Case 3.

expected theoretical solution. Is closed-loop stability going to be adversely
affected by that discrepancy between the theoretically expected MPC be-
havior and the actual (numerical) MPC behavior? An affirmative answer
was given by Keel and Bhattacharya (1997), who demonstrated, by example,
that there are linear time-invariant stabilizing controllers for which ex-
tremely small variations of their coefficients may render the controllers
destabilizing, even though the controllers may nominally satisfy optimality
criteria such as H,,H. /i, or u, as well as robustness criteria. Borrowing
from these authors, consider the following example:

Example 11—Sensitivity of closed-loop stability to small variations in
controller parameters. For the stable transfer function

s+1
Po) =55 (80)
the optimal controller
6 5 4 3 2
C(s):q@s +qss° + qus” + 387 + @8+ q15S + qo @81)

Pes® + pss” + pas® + pas® + pas® + pis

is designed by minimizing a weighted H, norm of the closed-loop transfer
function. The values of the controller parameters are given in Table II.
The poles of the resulting closed loop are well in the left half-plane, as
supported by the Nyquist plot of P(s)C(s) shown in Fig. 19. Therefore the
nominal closed-loop is stable. Yet a small change Ap in the nominal control-
ler parameters p, such that

180l _ 574 5 106, (82)
Il
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TABLE II

Parameter Value Parameter Value
qs 1.0002 Ps 0.0001
qs 3.0406 Ds 1.0205
qs 8.1210 N 2.1007
qs 13.2010 D3 5.1403
q> 15.2004 P2 6.06
q1 12.08 D1 2.0
qo 4.0

can destabilize the closed loop. For example, if

Ap=10"*x[-0.321 —0.009 0.002 0.000 —0.000 —0.000 0.000
—1.000 0.332 0.005 -0.002 —0.000 0.000]%, (83)

then the closed loop has a pole at ~ 108,

This problem of extreme sensitivity of closed-loop stability to small
variations in controller parameters has been termed fragility. Given that
unconstrained MPC with quadratic cost and linear model is equivalent to
a linear time-invariant controller, as demonstrated in Section II,C it is clear
that similar fragility problems may appear with MPC as well. Fragility might
have a more realistic probability of being an instability threat in constrained
MPC, where the results of on-line optimization may not be exact, such as
in the case of nonlinear programming with multiple optima or with equality
constraints. Fragility problems may even emerge in computer implementa-
tion of control algorithms where floating-point arithmetic introduces a
truncation (round-off) error (Williamson, 1991).

Of course, MPC controllers would have to be robust with respect to plant
uncertainty, which is usually orders of magnitude larger than controller

1

e I

0
2
§ C >
§0'1
RS
2 /
-3
-1.5 -1 -0.5 0
Real

F1G. 19. Nyquist plot of P(s)C(s) for Example 11.
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uncertainty. From that viewpoint, controller fragility would be an issue of
practical significance if small controller uncertainty could cause instability
for plants close to or at the boundary of the set of uncertain plants consid-
ered in controller design.

G. CONSTRAINTS

Zafiriou (1991) used a number of examples to demonstrate that the
presence of constraints can have a dramatic and often counterintuitive
effect on MPC stability properties and can render tuning rules developed
for stability or robustness of unconstrained MPC incorrect. The following
examples show how the addition of constraints to a robustly stable uncon-
strained MPC system can lead to instabilities.

Example 12. Consider the process

ef().15s
OR (84)
modeled by
. 1
P = =7 (85)

A sampling period of 0.1 is used. The following MPC system is used to
control the process:
min y[k + 1]k]* + 0.16Au[k|k]? (86)

Aulk]

—1=ylk+ 1k =1. (87)
Two points are to be made:

(a) Although for step disturbances d = 1.70 the output y returns to the
setpoint ySF = 0, for step disturbances d = 1.75 the output oscillates
with amplitude that grows without bound. Therefore, unlike the case
of linear systems, the stability characteristics of this constrained MPC
system depend on the magnitude of external disturbances.

(b) Perhaps counterintuitively, relaxing the controller by removing the
output constraint, Eq. (87), can be shown to result in a linear time-
invariant controller that robustly stabilizes the closed loop for distur-
bances of any amplitude.
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Example 13. Consider the process

—s+1

p(s) = p(s) = GFOm D (88)

A sampling period of 0.3 and an FIR model with n = 50 coefficients are
used. The following MPC system is used to control the process:

i k + ilk]2 %
A“[k\k]w'r,IAltgllwm—l\k] 1:2 vl 1| ] (89)
-03=y[k+ 2|k] =0.3. (90)

If the output constraint, Eq. (4), were not present, then the choice m = 1
and a sufficiently large p = n + m would stabilize the closed loop, in the
absence of process/model mismatch. However, the presence of the output
constraint destabilizes the closed loop. As p — o, the closed loop largest
root approaches 1.45, for m = 1, and 2.63, for m = 2. Again, the presence of
output constraints destabilizes the closed loop instead of tightening control.

V. A Theory for MPC with Predictable Properties

A. STABILITY

Because no equivalent linear time-invariant controller exists for a con-
strained MPC controller, determining the stability of a constrained MPC
closed-loop system cannot rely on methods suitable only for linear systems,
such as determination of the poles of the closed-loop transfer matrix. Devel-
opments have shed light on the stability of constrained MPC. The seeds of
proving stability for constrained MPC were already planted by Economou
(1985), who postulated, before his life reached a tragic end, that closed-loop
stability for constrained MPC could be established using the contraction
mapping theorem. Mayne and Michalska (1990) and Rawlings and Muske
(1993), through seminal papers, developed working frameworks for estab-
lishing closed-loop stability of continuous-time and discrete-time con-
strained MPC systems, respectively. These works provided the right tools
for the study of a control problem that had long been considered difficult.
Following is a discussion of pertinent ideas.

1. MPC with Linear Model: A Prototypical Stability Proof

Consider the following state-space description of a linear, time-invariant
(not necessarily stable) process:
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x[k + 1] = Ax[k] + Bulx]. (91)

Here, x € N, u € N",. We assume perfect knowledge of the matrices A
and B, full state information x[k], and absence of disturbances. The MPC
objective at time k is

min J[k], (92)
u[k[k], - u[k+p-1lk]
where
L D
J[k] = >, x[k + i|k]"Wx[k + ilk] + >, u[k + i — 1|k]"Ru[k + i — 1|k].
i=1 i=1

(93)

W is a positive definite matrix and R is a positive semidefinite matrix. State
and input constraints are

Glk+i—1Juk+i—1k]=gk+i—1]i=1,---,p (94)
H[k + i|x[k + ilk] =h[k + i],i=1, - -, p. (95)

These constraints are assumed to define nonempty (convex) regions con-
taining the point (0, 0).

Closed-loop MPC stability can be established using the following Lyapu-
nov argument (Rawlings et al, 1994). Assume that G[k + i — 1], gk +
i — 1], H[k + i], and h[k + {] are independent of k and i. Consider a solution

Uoptk”’*”k = {uopt[k|k]a T, uopt[k t+p— 1|k]} (96)

Kk

to Eq. (92) at time &, and assume that p is large enough so that x[p] = 0.
Consider the following candidate for control input at time k + 1:

UK = {ugplk + 1]k], -+, uop[k + p — 1]K], O} 97)

Uﬁi‘f‘ Xt} is feasible at time k + 1, because it contains inputs u that satisfied
the same constraints at time k. This feasible input results in a value of the
objective function J [k + 1] that satisfies

Jk + 1] = Joplk] — x[k]"Wx[k] — u[k]"Rul[k]. (98)
Because of optimality, this equation yields
Jopllk + 1] = J[k + 1]
= Jopd k] — x[k]"Wx[k] — u[k]"Rul[k] (99)
= Jopl K],
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where the last inequality results from the positive semidefiniteness of W
and positive definiteness of R. Therefore, the sequence {/[k]}¢-, is nonin-
creasing. It is also bounded from below by 0. Consequently, the sequence
{J[k]}i=x, converges, i.e., lim,_../[k] = a. To show that a = 0, rearrange Eq.
(99), to get

x[k]"Wx[k] + u[k]" Ru[k] = o, [k] — Joplk + 1]
= }CHE (x[k]"Wx[k] + u[k]T Ru[k]) = }cug Joptl k] — 11(112 Joptlk +1] =0

= lim x[k] = 0, lim u[k] = 0,

k—o k—o

and closed-loop stability is proven.

2. MPC with Nonlinear Model

The Lyapunov-like stability proof presented in Section V, A, 1 can be
extended to nonlinear systems. Because nonlinear systems are defined by
what they are not (namely, linear), the framework of the ensuing proof
must be precisely defined. Borrowing from Rawlings et al. (1994) and
Meadows et al. (1995), we consider dynamical systems of the form

x[k + 1] = #(x[k], u[k]). (100)

where f: 01" X R — NR" is continuous and £(0,0) = 0. The state x is assumed
to be measurable. The MPC online optimization problem becomes

min I1k], (101)

ulklk], - ulk+p-1/k]

where
I[k] = S‘j L(x[k + i|lk], u[k + i|k]), (102)

subject to Eq. (101) and the state, input, and terminal constraints
x[k + ik] € X[k +i],i =0, -, p — 1, (103)
ulk +ikle Ulk+i],i=0,---,p— 1. (104)

The function L: " X R — N that appears in Eq. (102) is assumed to
satisfy the following properties:

L(0,0) =0 (105)
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There exists a nondecreasing function v: [0, ©) — [0, )
such that y(0) = 0 and 0 < y(||x, u|) = L(x, u) (106)
for all (x, u) # (0, 0).

These lead to the following additional properties of L:

L(x,u) > 0V(x,u) # (0,0) (107)
L(x,u) =0 (x,u) = (0,0) (108)
L(x,u) = 0= (x,u) — (0,0). (109)

Notice that the function J in Eq. (93) satisfies all of these conditions.
As in the linear case, a proof for closed-loop stability can be constructed,
if it can be guaranteed that

x[k + plk] = o. (110)

Equation (110) can be satisfied if the moving horizon length, p, is chosen
tobe “large enough,” or if the constraint in Eq. (110) is directly incorporated
in the on-line optimization problem. In either case, a closed-loop stability
proof can be constructed as follows.

a. A Prototypical Stability Proof for MPC with Nonlinear Model. As in
the linear case, we assume perfect knowledge of f, full state information
x[k], and absence of disturbances. The constraints are assumed to define
nonempty (convex) regions containing the point (0, 0). Assume also that
X[k+i] and Ulk+i] are independent of k and i. Assume that there exists
a solution

Uopt’if}(pfl‘k] = {“opt[k|k]a ) uopt[k +p— l|k]} (111)

to Eq. (101) at time ., corresponding to x[p] = 0. Consider the following
candidate for control input at time k+1:

UL = {ugp[k + 1K), - -+, ugp[k + p — 1[K], 0. (112)

ULiglk:] is feasible at time k + 1, because it contains inputs « that satisfied
the same constraints at time k, the point (0, 0) has been assumed to be
feasible, and fis assumed to be known perfectly. This feasible input results
in a value of the objective function /[k+1] that satisfies

Lok + 1] = Ik + 1]

= Lopi[k] — L(x[k], u[k]) (113)
= Lopk],
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where the last inequality results from the positive semidefiniteness of L.
Therefore, the sequence {/[k]}¢-, is nonincreasing. It is also bounded from
below by 0. Consequently, the sequence {I[k]}i-x, converges to a limit b.
To show that b = 0, rearrange Eq. (113) to get

0 = L(x[k]), u[k]) = Lop[k] — Topu[k + 1]
=0 =lim L(x{]. uk]) = lim (lop[K] = Ioplk + 1) = 0

= }(IIE L(x[k],u[k]) =0
= lim (x[k], u[k]) = (0,0),

where the last equality follows from property (109) of the function L. This
completes the proof of closed-loop stability.

3. The Stability Proof and MPC Practice

The preceding prototypical stability proofs are relatively simple. They rely
on the inequality

0 = (L(x[k], u[k]) =) Ioplk] — Lopk + 1]. (114)

Proving this inequality hinges on a number of assumptions, of which the
following are important:

(i) The on-line optimization problem, Eq. (92) or (101), is feasible.

(ii) The state can be steered to the setpoint in at most p steps, i.e.,
x[p] = 0.

(iii) The controlled process model A and B in Eq. (91) or fin Eq. (100)
is perfect.

(iv) There are no external disturbances.

(v) The state x is measurable.

(vi) The input and state constraints, Eq. (94) and (95) or (103) and
(104), are time-independent.

(vii) The global optimum of the on-line optimization problem, including
the terminal constraint x[k + p|k] = 0, can be computed exactly.

For stable processes, MPC practitioners have traditionally ensured that
assumptions (i) and (ii) are satisfied by

(a) selecting large enough p and
(b) performing the optimization with respect to u[k|k], ... , u[k+mlk],
where m < p.
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Rawlings and Muske (1993) have shown that this idea can be extended to
unstable processes. In addition to guaranteeing stability, their approach
provides a computationally efficient method of on-line implementation.
Their idea is to start with a finite control (decision) horizon but an infinite
prediction (objective function) horizon, i.e., m < o and p = o, and then
use the principle of optimality and results from optimal control theory to
substitute the infinite prediction horizon objective by a finite prediction
horizon objective plus a terminal penalty term of the form

x[p]TPx[p], (115)

corresponding to the optimal value of the truncated part of the original
objective function. Chen and Allgéwer (1996) have presented an extension
of this idea to MPC with nonlinear model and input constraints. They
compute the terminal penalty term off-line as the solution of an appropriate
Lyapunov equation. De Nicolao et al. (1998) present a similar idea for
nonlinear time-varying systems. Genceli and Nikolaou (1995) have shown
how to ensure feasibility and subsequently ensure robust stability for nonlin-
ear MPC with Volterra models.

Selecting large enough p is not the only way to guarantee the two
assumptions (i) and (ii). One could directly include an end constraint
x[p] = 0 in the on-line optimization problem, an idea proposed by several
investigators (Kleinman, 1970; Thomas, 1975; Keerthi and Gilbert, 1988;
Mayne and Michalska, 1990). This constraint does not pose any serious
computational challenges in on-line implementation. Other options are also
possible, based, for example, on constraining x(p) to belong to a small
neighborhood of the set point (Mayne, 1997) or on state contraction argu-
ments (Morari and de Oliveira, 1997; Mayne, 1997).

Unstable processes pose the additional challenge that stabilization is
possible only if the state x(k) lies in a certain domain, so that, even though
the input may be constrained [Eq. (5)] enough control action can be avail-
able. If the state is not in the stabilizability domain, then nothing can be
done to steer the state to the setpoint.

The feasibility of state constraints is a common issue (see, e.g., Theorem
1 in Rawlings et al., 1994). For example, when simple output constraints
have to be satisfied, such as in Eq. (7), then it might occur that not enough
control action is available, because of constraints such as in Eq. (5). If
such infeasibility is detected, one can use additional relaxation variables
to modify output constraints as

VYmax + €= y[k + ilk] = ymin —&,i =1, -, p, (116)

and add a term g&? to the objective function in Eq. (4).
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The stability proof can be extended to handle bounded external distur-
bances [to address assumption (iv)] by additional “bookkeeping,” although
the results may be conservative. Alternatively, one may introduce an inte-
grator in the process output and show stability for an integrating system
without disturbance.?

These issues and their implications for improving MPC are discussed in
Section VI.

B. RoBUST STABILITY AND FRAGILITY OF CONSTRAINED MPC

To show inequality (114), the preceding assumptions (i) through (vii)
were made. When assumptions (i), (iv), and (v) are not satisfied, robustness
issues arise, because the process behaves differently from the assumptions
of the controller. When assumption (vi) is not satisfied, then fragility issues
arise, because the controller behaves differently from the way it was de-
signed. It should be mentioned that the issue of fragility is not confined to
constrained MPC systems. Keel and Bhattacharyya (1997) showed that
even in linear time-invariant control systems, there are controllers for which
extremely small deviations of the controller parameter values from their
designed values can result in instability (see Section IV,F).

1. Robust Stability

To ensure robustness of stability in the presence of model uncertainty,
one has to make sure that the inequality (114) is satisfied, even though
the matrices A and B in Eq. (91) or the function f in Eq. (100) are not
perfectly known. The inequality (114) also has to be satisfied when external
disturbances enter the system. Two approaches have appeared in the liter-
ature.

(a) Choose the parameters of the standard MPC on-line objective func-
tion /[k] (e.g., the matrices Q and R in J[k] for the linear case) in
such a way that 0 = [,,[k] — I,,[k+1]. In other words, robustness
is attempted through better tuning of MPC, with minor modifications
of the MPC structure.

(b) Modify the on-line MPC optimization problem, by adding con-
straints that help stabilize the closed-loop system, without critical

% For example, the FIR model of Eq. (10) can be substituted by y[k] = y[k — 1] + 2,
hu[k—/j], thereby eliminating the step disturbance d.
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dependence on tuning. For example, add to the on-line MPC optimization
problem an additional constraint of the type

0 =< Lk — 1] — I[4]. (117)

The advantage of the first approach is that the form of the standard
MPC optimization problem is retained. Its disadvantage is that the on-
line objective may become unrealistically conservative, depending on the
magnitude of process model uncertainty. The advantage of the second
approach is that the on-line objective may be formulated in a way that
reflects the true control objective, without regard to stability, because the
latter is enforced by the constraint of Eq. (117). Its disadvantage is that
the MPC on-line optimization problem may become complicated.

a. MPC Tuning for Robust Stability. Consider the following MPC on-line
optimization problem for an open-loop stable, multi-input—multi-output
(MIMO) system, modeled by a finite-impulse-response (FIR) model:

T, (118)

e[k+1]k], - g[k+nylk].Au[klk], - Au[k+mlk]

where

"o o Ny

JIKL = 2w, 2 (ke + ilk] = y7*) + X w; > gk + ik (119)

j=1 i=1 j=1 =
m
+> > riAu[k + ilk],

subject to the following:

Process output prediction

N
ylk + ilk] = >, GVulk + i — jlk] + d[k + ilk],i=1,---,p
j=1

(120)

Disturbance prediction
N
d[k + ilk] = y[k] — X GV[k —jl,i=1,---,p (121)
j=1

Input move constraints

—Ayy = Aufk + ilk] = Aupy, i =0, -+, m (122)
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Input constraints
Unin = u[k + ilk] S upay, i =0, -+, m (123)
Softened output constraints
Vmin — e[k + ilk] = y[k + i|k] = ymax + e[k + ilk],i=1, -, n, (124)
End constraints
N -1
ulk + m+ ilk] = (121 GUJ> (yS* — d[k + m + i|k]),i = 0,

(125)

where n; is the number of process inputs; n, is the number of process
outputs; n,, is the number of inputs, n,, is the number of time steps over which
output constraints are enforced; GU! are matrices of the FIR coefficients of
the process model. The real process output is assumed to be

=

]
—_

y[k] = > HU[k — j] + d[k]. (126)

]

Notice that the model kernel {GUI}YY,, is different from the true kernel
{HU}Y, , with the modeling error bounded as

IH — GUI| < El,,. (127)

External disturbances are assumed to be bounded as

dpin = d[k] = dax (128)
and
—Adp = Ad[k] = Adpay, (129)
where
=0, k=M
Adpax { . (130)
=0 k>M

For this MPC system, Eqs. (118) through (125), Vuthandam ez al. (1995)
developed sufficient conditions for robust stability with zero offset. These
conditions can be used directly for calculation of minimum values for the
prediction and control horizon lengths, p and m, respectively, as well as

for the move suppression coefficients r;, which are not equal over the
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finite control horizon. Since the robust stability conditions are sufficient,
they are conservative, particularly for very large modeling uncertainty
bounds.

The proof relies on selecting p, m, and r; to satisfy the inequality

0 =TJimlk] — Joplk + 1] (131)
with

o

J'[k] = ; vi(yi[k] = y7*)?

o

p
2,2 (ylk + ilk] = ¥y
j=1 =

1
+ > w; >, gk + ilk]? (132)
j=1 i=1
j=1i=-N+1
+ [kl

where the function f[k] is an auxiliary function that helps prove stability,
as required by Eq. (136). Satisfaction of inequality (131) implies that the
sequence {J(’,pt[k]};?:ko is convergent. Then, the end condition, Eq. (125), is
used to show that the sequence {/[k]}i=x, converges to 0. The proof starts
with the inequality

0=J'Tk + 1] = Joulk + 1] & Joulk] = J'[k + 1] = Tiu[k] — Jolk + 1],
(133)

where J'[k+1] corresponds to a set of input values {Au[k + 1]k + 1], - -
Au[k + m|k + 1], Au[k + m + 1|k + 1]} to be selected such that

0=Joulk] —J'[k +1]. (134)
For the feasible input set

Aulk + 1]k + 1] = Augp [k + 1[k]

(135)
Aulk + mlk + 1] = Augu[k + mlk]

Au[k + m + 1]k + 1] = to be determined for feasibility,
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inequality (134) becomes
0= 21 vi(yilk] = yi*)?
i

= 2 vi(yilk + 1+ plk + 1] = y$¥)?
j=1

o

+ D Vi [(Vjoplk + 1K] = y57)? — (y;[k + 1] — y$P)?]

j=1

N

o

£ 30 S [(Sondk + K]~ ¥ = (ol + lk + 1] = ¥ (136)

i=

~.
]

—_

)

N
N

+ wj [Sj,opt [k + l|k]2 - 8][k + l|k + 1]2]
J i=1

£

Il
=N

+> 2 (ry = rin)Aujepk + ilk]?

+ flk] — flk + 1].

All terms in this inequality, after lengthy manipulations and strengthening
of inequalities, can be expressed in terms of inputs Au squared. The resulting
expression is of the form

3

i m

0 = 2 (r,-’/ - rH,,- + a,-,,»)Auj,Opt[k + l|k]2, (137)

j=1i=—=N+1

Il
—_

where the positive constants a; ; depend on the model, uncertainty bounds,
and input bounds. For that inequality to be true it is sufficient to have

r,»,L/Sr,«,j-l—a,«,,» (138)

with
Yr-nj = 0. (139)
Note that the inequality in Eq. (138) implies that weights of the input move
suppression term containing Au gradually increase. Details can be found
in Vuthandam ef al. (1995) and Genceli (1993). A similar result can be
found in Genceli and Nikolaou (1993) for MPC with /;-norm based on-

line objective. Variations for various MPC formulations have also been
presented. Zheng and Morari (1993) and Lee and Yu (1997) have pre-
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sented results on MPC formulations employing on-line optimization of
the form

min max J [k, u, p], (140)
u o

where the vector p refers to process model parameters that are uncertain.
The idea of Eq. (140) is that the optimal input for the worst possible process
model is computed at each time step k.

b. Modifying the MPC Algorithm for Robust Stability

(i) Stability Constrained MPC. Instead of tuning the MPC algorithm
for robust stability, an inequality of the type (117) can be added to the on-
line optimization, to ensure that the MPC controller automatically belongs
to a set of stabilizing controllers. Through this modification, the designer
can concentrate on formulating an on-line optimization objective that re-
flects the intended control objective.

Cheng and Krogh (1996) developed that idea in what they call stability
constrained receding horizon control. While their results are for uncon-
strained MPC, extension of their algorithm to constrained MPC is trivial.
Following their work, consider a plant in controllable form

x[k + 1] = Ax[k] + Bu[k] (141)
where
N 0(N—M)xM I(NM):l

A [ N A (142)

N O(NM)XM]
B = [ B- (143)

xM[k]

= [x@)[kJ (149

with B,eR"*M invertible, xXV[k] € M, xP[k] € RVM. The stability con-
strained receding horizon control algorithm is given by the following steps.
At time step k, minimize an objective function

H[k] (145)
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over a finite horizon of length p, subject to
x[k + i+ 1|k] = Ax[k + i|k] + Bu[k + ik],i=0,---p — 1

146
x[k|k] = x[k] (146)

x[k +i+1k|P=(1 - o)l,i=0,--+,p—1
I eIl = e (stability constraint) (147)
O = &
li =max{ly., |x[£]|}
3 {arbitrary, k=0
max{|x[k — 1+ ilk — 1]
O
]
Clk

2i=1,,phk=1
51 s ,P}7 (148)

c=1.

Cheng and Krogh (1996) give a stability proof for the above algorithm.
They extend their algorithm to include state estimation in Cheng and
Krogh (1997).

(ii) Robust-Stability-Constrained MPC. Badgwell (1997) has taken the
idea of stability-constrained MPC a step further by developing an MPC
formulation in which a constraint used in the on-line optimization problem
guarantees robust stability of closed-loop MPC for stable linear processes.
The trick, again, is to make sure that an inequality of the type (117) is
satisfied for all possible models that describe the controlled process behav-
ior. The set of these models is assumed to be known during controller design.

Following Badgwell (1997), consider that the real process behavior is
described by the stable state-space equations

x[k + 1] = Ax[k] + Bu[k] (149)

where x[k] € R, u[k] € RY, and the process parameters § = (A, B) are
not known exactly, but are known to belong to a set

Q = {Hla T, Hpm} = {(Al ) Bl), T, (Apmv Bpm)} (150)
of p,, distinct models. A nominal model
6= (A, B) (151)

is used. For robust asymptotic stability, the state should be driven to the
origin, while satisfying input, input move, and state constraints. No external
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disturbances are considered. Under these assumptions, the robust-stability-
constrained MPC algorithm is as follows:

min [(X[k], {u[k + i — 1|k]}zs, 6, {e[k + i
e[k+1]k], - s[k+n, k] ulk|k], - u[k+ml|k]
- 1|k] fi?W,Tk),
(152)

where

L(X[K], {ulk + i — 1|k]}=S, 6, {e[k + i — 1|k]}iztw, Ty)

L

= %[k + i|k]"Wx[k + ilk] + > u[k + i — 1|k]"Ru]k + i — 1|k]
=1

i=1
k+n kT k+n, |k (153)
+ (er1)) T[] (ex100),

subject to the following:

Process state prediction

%[k + ilk] = A%[k + i — 1]|k] + Bu[k + i — 1|k],

(154)
K[k|k] = x[k]
Input move constraints
Augi, = Aufk + ilk] = Aup,, i=0,---,m (155)
Input constraints
Upin = ulk + k] =upay, i=0,---,m—1
(156)

uk+ik]=0, i=m
Softened state constraints
Xmin — £[k + k] = x[k + ilk] = Xpmax + [k + k], €=0,-,pm

ek + k] = emin >0 i= 1 (157)
Robust stability constraints

P(x{k], fulk + i — 1KJEEF, 60, felk + i — 1]}z, Ty)
= T(x[k], {uoplk + i — 1k — 1T, 60, {eoplk + i — 1[k — 1]}, Ty) - (158)

€=0,-"",pm,
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where

x| k|k] = x[k] (15
ktn, ~1k=1yT _ ktn, ~Tk—1
(k] = (e )OgTTflf[]Z _11]](§kk—“1 )optT[k 1]
& = argminfle — (efi™ " op
subject to (160)
e=ey, >0
Xmin — € = Xopi[k +ilk — 1] = Xpoy +€, i=1,-+,n,,

and Augi, < 0 < Aoy, Upin < 0 < Ay, Xmin < 0 < Xpax-

The overall optimization problem is convex and has a feasible solution;
therefore, it is guaranteed to have a unique optimal solution.

The model linearity assumption, Eq. (154), is not critical. Badgwell (1997)
has shown how these ideas can be readily extended to the case of stable
nonlinear plants.

A critical assumption in the preceding formulation is Eq. (150), which
assumes that a set of distinct models captures modeling uncertainty. Ideally,
one would like to have a continuum of models such that the real plant is
one point in that continuum. The continuum could be approximated
by considering a very large number of distinct models, with the obvious
trade-off of increase in the dimensionality of the on-line optimization
problem.

2. Fragility

The stability proofs developed in the previous sections implicitly assume
that an exact solution of the MPC on-line optimization can be obtained.
However, an exact solution may not always be obtained in cases such as
the following:

* The on-line optimization problem is nonconvex; therefore, guarantees
for reaching the global optimum may be hard to obtain.

» The on-line optimization problem is nonlinear and involves equality
constraints. Satisfaction of those constraints is not exact, but approxi-
mate (within ).

In the first of these two cases, a local optimum may be obtained that is far
from the global optimum. In such a case, stability analysis based on attain-
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ment of global optimum would entirely break down. In the second case,
if the on-line optimization problem is convex, then the solution found
numerically would be close to the exact solution. It might then be concluded
that stability analysis would be valid, at least for small error in the approxi-
mation of the exact MPC system by the one approximately (numerically)
computed on-line, provided that continuity arguments would be valid. It
turns out, however, that this is not necessarily true. Keel and Bhattacharyya
(1997) have shown that there exist linear time-invariant fragile controllers,
i.e., such that closed-loop stability is highly sensitive to variations in control-
ler parameters. In that context, the fragility properties of MPC should be
rigorously examined.

A number of authors (see, for example, Scokaert et al, 1998) have
developed MPC variants and corresponding stability proofs, which over-
come the above two problems by (a) requiring that the on-line optimiza-
tion reaches a feasible (suboptimal) solution of a corresponding problem,
and/or (b) substituting equality constraints of the type

f(x) = 0 (161)
by inequality constraints of the type
-6 =1f(x) =4, (162)

where §is a vector with “small” entries. This ensures that the endconstraint
can be satisfied exactly and, consequently, stability analysis can be rigor-
ously valid.

C. PERFORMANCE AND ROBUST PERFORMANCE

Rigorous results for the performance of constrained MPC are lacking.
However, there are a number of propositions on how the performance of
MPC could be improved. Such propositions rely on (a) modifying the
structure of MPC for robust performance, (b) tuning MPC for robust perfor-
mance, and (c) developing efficient algorithms for the numerical solution
of the MPC on-line optimization problem, thus enabling the formulation
of more complex and realistic on-line optimization problems that would in
turn improve performance.

The expected results of these propositions are difficult to quantify. Never-
theless, the proposed ideas have intuitive appeal and appear to be prom-
ising.

One proposition is to formulate MPC in the closed-loop optimal feedback
form (see Section II, B). The main challenge of this proposition is the
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difficulty of solving the on-line optimization problem. Kothare et al. (1996)
propose a formulation that reduces the on-line optimization problem to
semidefinite programming, which can be solved efficiently using interior
point methods.

A second proposition relies on the idea that the on-line optimization
problem is unconstrained after a certain time step in the finite moving
horizon. Where in the finite horizon that happens is determined by ex-
amining whether the state has entered a certain invariant set (Mayne,
1997). Once that happens, then closed-form expressions can be used for
the objective function from that time point the end of the optimization
horizon, p. The idea is particularly useful for MPC with nonlinear mod-
els, for which the computational load of the on-line optimization is substan-
tial. A related idea was presented by Rawlings and Muske (1993), where
the on-line optimization problem has a finite control horizon length, m,
and infinite prediction horizon length, p, but the objective function is trun-
cated, because the result of the optimization is known after a certain
time point.

Of course, as mentioned earlier, the mere development of more efficient
optimization algorithms could indirectly improve performance. This could
happen, for example, through the use of nonlinear instead of linear models
in on-line optimization. As stated in the Introduction, numerical efficiency
issues are beyond the scope of this discussion.

A third proposition has been discussed in Section V,B,1,b. The idea is
that if a robust stability constraint [Egs. (147) or (158)], is used, MPC will
be stabilizing; therefore, true performance objectives may translated into
values for the tuning parameters of MPC, with no need to worry about
potential instabilities resulting from poor tuning. However, that translation
of performance objectives to values for MPC tuning parameters is not
always straightforward.

A fourth proposition was discussed by Vuthandam et al. (1995). Their
idea is that the values of the MPC tuning parameters must satisfy robust
stability requirements. It turns out that for the robust stability requirements
developed by these authors, performance improves as the prediction hori-
zon length, p, increases from its minimum value to larger values, but after a
certain point performance deteriorates as p increases further. This happens
because for very large p the input move terms in the on-line objective
function must be penalized so much that the controller becomes very slug-
gish and performance suffers. Results such as these depend on the form
of the robust stability conditions. If such conditions are only sufficient, as
is the case with Vuthandam et al. (1995), then performance-related results
may be conservative.
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VI. How Can Theory Help Develop Better MPC Systems?

A. CoNCEPTUAL UNIFICATION AND CLARIFICATION

The theoretical developments of the past few years have provided a
solid foundation for the analysis and synthesis of constrained MPC systems.
We now have a tool, summarized perhaps by Eq. (100), by which we can
study the stability (and other important properties) of constrained MPC
and its variants in a framework that removes guessing or ambiguity and
supports rigorous statements about the expected behavior of MPC. This
framework is valuable for both researchers and practitioners of MPC.

Of course, as with every theory, practitioners cannot rely solely on
theory when they design real MPC systems. Real-world problems have
their idiosyncratic peculiarities that may vary from case to case. It is impera-
tive that the MPC designer understand the entire engineering framework
within which an MPC system is going to function. But theory could help
predict what could or would happen as a result of a specific design, thereby
steering the design-in promising directions and reducing reliance on unnec-
essary improvisation. That help is valuable for the novice and reassuring
for the expert. Theory can help augment the designer’s intuition in a very
productive way. For example, theory could augment the value or shorten
the duration of extensive simulations or plant testing frequently performed
before the final commissioning of an MPC system. As another example,
the concept of best achievable performance by a constrained MPC system
is mentioned. Similarly to the minimum-work concept in thermodynamics,
control theory should provide achievable targets of performance and should
do so under practical conditions, e.g., in the presence of inequality con-
straints and model inaccuracies (Morari, 1988). Chmielewski and Manousi-
outhakis (1996) have provided such a result by proving that the best perfor-
mance achievable by an MPC systems with input and state inequality
constraints and objective function over an infinite horizon can be deter-
mined by solving a single, finite dimensional, convex program of known size.

For researchers, the existence of a working theoretical framework pro-
vides impetus to attack MPC problems with confidence that was lacking
before the seminal paper by Rawlings and Muske (1993). Despite the
avalanche of recent results capitalizing on the use of Eq. (100), there appears
to be significant room for extensions, improvements, and new ideas on
MPC. Paralleling, in a way, the introduction and wide spread of other
important frameworks in control theory (such as the universally recognized
equations X = Ax + Bu), the MPC stability framework could have signifi-
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cant implications for developments in control theory for systems different
from the chemical process systems for which MPC was first extensively
implemented.

A factor whose importance for future developments cannot be overstated
is the interplay between theory and practice. Abstraction of practical prob-
lems spurs theoretical research with industrial relevance, while consistent
and systematic exploration of theoretical ideas (a painstaking process) can
yield otherwise unimaginable or unexpected breakthroughs.

B. ImproOVING MPC

The benefits of a framework for the rigorous study of MPC properties
are not confined to the mere proof of MPC properties. More importantly,
MPC theory can lead to discoveries by which MPC can be improved.
In fact, the proofs of theoretical results frequently contain the seeds for
substantial MPC improvements through new formulations. The existence
of a theory that can be used to analyze fairly complex MPC systems allows
researchers to propose high-performance new formulations whose proper-
ties can be rigorously analyzed, at least for working prototypes. The algo-
rithmic complexity of such formulations might be high, but their functional-
ity would also be high. It is reassuring to know that even when the analysis
is not trivial, it is definitely feasible. In designing such systems the designer
would have theory as an invaluable aid that could augment intuition. More-
over, theory could also provide guidelines for the efficient use of such
systems by end users, by helping them predict what the effects of tweaking
would be. The algorithmic complexity of on-line optimization would be
hidden from the end user.

The ensuing discussion shows some open issues and new ideas in con-
strained MPC. The list is neither complete nor time-invariant. Some of the
following ideas were directly inspired by recent MPC theory. Others were
developed rather independently, but knowledge of the fact that theory
exists that can be used to study them makes those ideas more appealing
from both a theoretical and practical viewpoint.

1. Process Models

Before discussing issues related to the different classes of models that
may be used with MPC, we should stress that the issue of model structure
selection and model identification is at the heart of MPC. “The greatest
contribution of Ziegler and Nichols (1942) is not the famous tuning rule
but the ‘cycling’ identification technique: they understood precisely what
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minimum model information was necessary for tuning and developed a
simple, reliable method for obtaining this information” (Morari, 1988).

a. Linear vs Nonlinear Models. Although it is well recognized that all
physical systems are, in principle, nonlinear (Section II, B), the challenge
is when a nonlinear approach is necessary for the solution of a problem.
It is then important to answer questions such as the following:

* When to use nonlinear models?

» For what processes?

» What is the structure of such models?

* What are the properties of MPC when particular models are used?

* How can such models be developed (from first principles and/or experi-
mental data)?

* What is the cost/benefit of using nonlinear models in MPC?

b. Input—Output vs State-Space Models. Traditional MPC algorithms, such
as the quadratic dynamic matrix control (QDMC) algorithm (Garcia and
Morshedi, 1986) relied on FIR models. Although FIR models have several
advantageous features (section II, B), they are not essential for the charac-
terization of a control algorithm as MPC. DARMAX or state-space models
have their own relative advantages and can be used equally well in MPC.
With state-space models the issue of state estimation naturally arises. A
new class of state estimators, introduced by Robertson et al. (1996), is
discussed in the following section.

¢. Moving Horizon—Based State Estimation for State-Space Models. If a
state-space model is used by an MPC system, then the problem of state
estimation arises, since, usually, not all states can be measured. State estima-
tion within a stochastic system framework has a rich history, the turning
point being the celebrated work of Kalman (1960). The Kalman filter has
limitations when applied to nonlinear systems (as the extended Kalman
filter). In addition, the Kalman filter cannot explicitly handle constraints
on estimated states. Yet, state variables such as mass fraction or temperature
are constrained, and corresponding constraints should be satisfied by esti-
mates of these variables. Robertson et al. (1996) presented a new class of
state estimators. Their approach to the constrained state estimation problem
relies on the moving horizon concept and on-line optimization. States are
estimated by considering data over a finite past moving horizon and by
minimizing a square-error criterion. In fact, the approach introduced by
these authors can estimate both states and model parameters.
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The system whose states and parameters are estimated is represented
by the difference equations

[X[k + 1]} _ [f(X[k],P[k],u[k])] N |:Wx[k]:|

plk + 1] plk] w,[k]
ylk] = g(x[k], p[k] + v[k], (163)

where w,, w,, are v are white noise vectors with zero mean, and the vector-
valued vector function f represents the solution

xlk + 1] = x{k] + | ! g(x(0). plK]. u[k]) dt + | o di - (164)

of the differential equation dx/dt = ¢(x(), p[k], u[k]) + w(f). The least-
squares estimate of the state

2[k] = [X[k]} (165)
pl4]
and noise vectors
.| wilk]
wlk] = [wp[k]} (166)

and v[k] at time point k is obtained by the following constrained minimi-
zation

min  (z[k —m + 1] —z[k — m + 1|k — m])"P[k — m + 1|k — m]™*

z[k-m+1],v,w

(z[k —m + 1] — z[k — m + 1|k — m]) (167)
+ y:,; . v[i]"Rv[i] + 4:k72 . wli]"Q'wl[i]

subject to the equality constraints of Eq. (163) and the inequality constraints
Von =V[[| =Vpa, k—m+1=i=k

Xpin = X[i] = Xpax, k—m+1=i=k
(168)
Poin = Pli] = Pmax, k—m+1=i=k

Wiin = W[i] =Wnaw, k—-m+1=i=k-1.

The matrices P, Q, and R can be interpreted as covariance matrices of
corresponding random variables, for which probability density functions
are normal subject to truncation of their tail ends, dictated by the constraints
of Eq. (168).

The on-line optimization problem posed by Eq. (167) can be solved by
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nonlinear programming algorithms, if the model in Eq. (163) is nonlinear,
or by standard QP algorithms, for a linear model. Note that the moving
horizon keeps the size of the optimization problem fixed, by discarding
one old measurement for each new one received. The effect of the initial
estimate z[k—m + 1|/k—m] becomes negligible as the horizon length m
increases. This is the duality counterpart of the MPC moving horizon re-
quirement that the state should reach a desired value at the end of the
moving prediction horizon. In fact, the duality between this state estimation
approach and MPC parallels the duality between LOR and Kalman filtering.

As in the case of MPC, the performance of the proposed approach
depends on the accuracy of the model used.

d. MPCI: Expanding the MPC/On-Line Optimization Paradigm to Adap-
tive Control. To maintain the closed-loop performance of an MPC system,
it may become necessary to update the process model originally developed
off-line. Control objectives and constraints most often dictate that this
update has to take effect while the process remains under MPC (Cutler,
1995; Qin and Badgwell, 1997). This task is known as closed-loop identifica-
tion. Frequently occurring scenarios where closed-loop identification is de-
sired include the following:

» Because of equipment wear, a modified process model is needed (with-
out shutting down the process), for tight future control.

» The process has to operate in a new regime where an accurate process
model is not available, yet the cost of off-line identification experiments
for the development of such a model is prohibitively high, thus making
closed-loop identification necessary.

* Process identification is conducted off-line, but environmental, safety,
and quality constraints still have to be satisfied.

Closed-loop identification has been addressed extensively in a linear sto-
chastic control setting (Astrém and Wittenmark, 1989). Good discussions
of early results from a stochastic control viewpoint are presented by Box
(1976) and Gustavsson et al. (1977). Landau and Karimi (1997) provide an
evaluation of recursive algorithms for closed-loop identification. Van den
Hof and Schrama (1994), Gevers (1993), and Bayard and Mettler (1992)
review research on new criteria for closed-loop identification of state space
or input—output models for control purposes.

The main challenge of closed-loop identification is that feedback control
leads to quiescent process behavior and poor conditions for process identi-
fication, because the process is not excited (see, for example, Radenkovic
and Ydstie, 1995, and references therein). Traditional methods for excita-
tion of a process (Soderstrom et al.,, 1975; Fu and Sastry, 1991; Van Der
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Klauw et al, 1994; Ljung, 1987, 1993; Schrama, 1992) under closed-loop
control through the addition of external dithering signals to the process input
or setpoint have the weaknesses that controller performance is adversely
affected in a way that may be difficult to predict, because it depends on
the very process being identified under closed-loop control. To remedy
these problems, Genceli and Nikolaou (1996) introduced the simultaneous
Model Predictive Control and Identification (MPCI) paradigm. MPCI relies
on on-line optimization over a finite future horizon (Fig. 20). Its main
difference from standard MPC is that MPCI employs the well known persis-
tent excitation (PE) condition (Goodwin and Sin, 1984) to create additional
constraints on the process inputs in the following kind of on-line optimiza-
tion problem, solved at each sampling instant k:

minimize [control objective over optimization horizon] (169)

process input values
over control horizon

subject to
Standard MPC constraints (170)
Persistent excitation constraints on inputs over finite horizon. (171)

The form of the PE constraint depends only on the model structure consid-
ered by the identifier and is independent of the behavior of the identified
plant. Of course, the model structure should be “close” (but not necessarily
contain) the real plant structure.

The above formulation defines a new class of adaptive controllers. By

A
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Fic. 20. The MPCI moving horizon. Notice the nonsettling projected plant output and
the periodicity of the manipulated input.
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placing the computational load on the computer-based controller that will
perform on-line optimization, MPCI greatly simplifies the issue of closed-
loop model parameter convergence. In addition, constraints are explicitly
incorporated in the MPCI on-line optimization. By contrast, most of the
existing adaptive control theory requires the controller designer to make
demanding assumptions that are frequently difficult to assert.

To explain MPCI quantitatively, consider, for simplicity, a single-input-
single-output (SISO) process modeled as

y[k] = i aulk —i] + En: biylk — 1] + d[k] (172)
= o[k — 1]70 + w[k], (173)

where y[k] is the process output; u[k] is the process input; d[k] is a constant
disturbance, d, plus white noise with zero mean, w[k];

0= [a - ayb, - b,d]" (174)
is the parameter vector to be identified; and
ok — 11" = [u[k — 1] -+ u[k — m]y[k — 1] --- y[k — n]1]. (175)

Using the strong PE condition and Egs. (169) to (171), one can formulate
an MPCI on-line optimization problem at time k as

M
min > [wl-(y [k + ilk] — ySP)? + rAulk + i — 1]k]?]
ulklk], - ulk+M-1|k],p.e.p i=1

(Objective) (176)
+ i+ 28" — qap

subject to
e = [k + 0 = 1K) =ty i = 1,2, M

(Input constraint) (177)
Aty = Aulk + i — 1k] = —Attgay, i=1,2,---, M
(Input move constraint) (178)

Ymx te=y[y+ik]l=ymn— e , i=1,2,--- M

output
constraint
softening
variable
(Output constraint) (179)
yk +i)=o¢k+i—-DT0k), i=1,2,---, M

(Future output prediction) (180)
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-1

b[k] = ( dlk — jldlk —J']T> [elk — 1] - -~ @[k — s]ly[«]

s
j=1

(Parameter estimate) (181)

M-

dlk +i— jlk]¢lk +i—jlk]" = (p = w)I>0

Pt .
! - =0 i=1,2,---, M,
p T
- ——
PE PE
level softening
variable

(PE constraints) (182)
where

MK = DIk ylk =5+ 1] (183)
olk —j = 11" = ufk —j = 1] -+
ulle—j = mlylk == 1]yl —j = n] 1]

with all past values of inputs u and outputs y assumed to be known. Note
that Eq. (182) for i = 1 ensures that the closed-loop input u is persistently
exciting. In typical MPC fashion, this optimization problem is solved at
time k, and the optimal u(k) is applied to the process. This procedure is
repeated at subsequent times k+1, k+2, etc. For the numerical solution of
the MPCI on-line optimization problem, Genceli and Nikolaou (1996) have
developed a successive semidefinite programming algorithm, with proven
convergence to a local optimum.

(184)

2. Objective

a. Multiscale MPC. Perhaps the most compelling impetus behind computer
integration of process operations is the opportunity to closely coordinate
(integrate) a range of individual activities, in order to achieve overall corpo-
rate objectives. In optimization jargon, the ultimate target of computer
integration is to relate dispersed individual activities to an overall corporate
objective function that could, in turn, be used in optimal decision making
over time. So far, the development of a manageable all-inclusive objective
function has been practically beyond reach, because of the enormous com-
plexity of the problem. As a remedy, hierarchical decomposition of the
problem and optimal decision making at each level are employed. This
decomposition is usually realized according to the hierarchical structure of
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Fig. 21 (Bassett et al., 1994). Note that early applications of computer-based
on-line optimization worked at the top levels of the process operations
hierarchy, where decisions are made less frequently than at lower levels
and, consequently, the limited speed, input/output, and storage capacity of
early computers were not an impediment. The implicit assumption in this
decomposition is that the aggregate of the individually optimal decisions
will be close to the overall optimal decision at each point in time. Frequently,
this is not the case. Therefore, there exists a strong incentive to establish
a framework for the formulation and solution of optimization problems
that integrate as many levels as possible above the chemical process level
of the Process Operations Hierarchy (Prett and Garcia, 1988; Kantor et
al., 1997).

Why is it not trivial to perform an integrated optimization, by merely
combining the individual optimization problems at each level of the Process
Operations Hierarchy to form a single optimization problem? There are a
number of reasons:

» Dimensionality. Each level in Fig. 21 is associated with a different time
scale (over which decisions are made) that can range from split seconds,
at the regulatory control level, to years, at the capacity planning and
design level. The mere combination of individual level optimization
problems into one big problem that would span all time scales would
render the dimensionality of the latter unmanageable.

Engineering/Business concepts. Although engineering considerations
dominate the lower levels of the Process Operations Hierarchy, busi-
ness concepts emerge at the higher levels. Therefore, a variety of

| Business Headquarters

ICapacity Planning & Designl

AY

I Operational Planning I
AY

| Scheduling I
AY

| Supervisory Control I
AY

| Regulatory Control |

process output, y process input, u Decision

ICremcaT Process I = Making =

FiG. 21. Process Operations Hierarchy in the chemical process industries.



196 MICHAEL NIKOLAOU

individual objectives of different nature emerge that are not trivial to
combine, at either the conceptual or the implementation level.

» Optimization paradigms. Various optimization paradigms have found
application at each level (e.g., stochastic programming, mixed integer—
nonlinear programming, quadratic programming, linear program-
ming). However, it is not obvious what would be a promising paradigm
for the overall optimization problem.

» Software implementation. The complexity of the integrated optimiza-
tion problem is exacerbated when implementation issues are consid-
ered. A unifying framework is needed that will allow both software
and humans involved with various levels of the Process Operations
Hierarchy to seamlessly communicate with one another in a decision-
making process over time.

These reasons that make the overall problem difficult suggest that a
concerted attack is needed, from both the engineering and business ends
of the problem. It should be stressed that, while there may be some common
mathematical tools used in both engineering and business, the bottleneck
in computer integration of process operations is not the lack of solution
to a given mathematical problem, but rather the need for the formulation
of a mathematical problem that both corresponds to physical reality and is
amenable to solution.

Stephanopoulos et al. (1997) have used a wavelet-transform based for-
malism to develop process models at multiple scales and use them in MPC.
That formalism hinges on using transfer functions that localize both time
and scale, unlike standard (Laplace or z-domain) transfer functions, which
localize scale (frequency), or standard difference or differential equation
models, which localize time. Based on this formalism, these authors address
MPC-related issues such as simulation of linear systems, optimal control,
state estimation, optimal fusion of measurements, closed-loop stability,
constraint satisfaction, and horizon length determination. In relation to the
last task, Michalska and Mayne (1993) have proposed a variable horizon
algorithm for MPC with nonlinear models. Their approach addresses the
difficulty of global optimum requirements in stability proofs. The moving
horizon length, p, is a decision variable of the on-line optimization. Closed-
loop stability is established by arguments such as Eq. (113).

b. Dynamic Programming (Closed-Loop Optimal Feedback). As discussed
in Sections II,B and V,C, the main reason for not implementing the closed-
loop optimal feedback MPC form is the difficulty of the associated optimiza-
tion problem. If inequality constraints are not present, then an explicit
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closed-form controller can be determined, as Lee and Cooley (1998) have
shown. This is an area where significant developments can be expected.

3. Constraints

a. MPC with End Constraint. Perhaps the most important practical out-
come of our new understanding of MPC stability properties is the impor-
tance of the end constraint in Egs. (63) or (64). Such a constraint has
already been incorporated in certain commercial packages with minimal
effort, either heuristically or following theoretical research publications.
MPC theory has made it clear that including an end constraint in MPC on-
line optimization is not merely a matter of company preference or software
legacy, but rather an important step toward endowing the MPC algorithm
with improved properties.

b. Chance Constrained MPC: Robustness with Respect to Output Constraint
Satisfaction. Although MPC constraints that bound process inputs can be
easily ensured to be satisfied by the actual system, constraints on process
outputs are more elusive. That is because future process outputs within an
MPC moving horizon have to be predicted on the basis of a process model
(involving the process and disturbances). Because the model involves uncer-
tainty, process output predictions are also uncertain. This uncertainty in
process output predictions may result in adverse violation of output con-
straints by the actual closed-loop system, even though predicted outputs
over the moving horizon might have been properly constrained. Conse-
quently, a method of incorporating model uncertainty into the output con-
straints of the on-line optimization is needed. This would improve the
robustness of constrained MPC. In this paper we introduce an approach
to achieving that goal.

The proposed approach relies on formulating output constraints of the
type Ymin = ¥ = Vmax as chance constraints of the type

Pr{ymin = y = ymax} = «, (185)

where Pr{A} is the probability of event A occurring, y is the process output
bounded by yi, and yn.x, and « is the specified probability, or confidence
level, that the output constraint would be satisfied. Under the assumption
that the process output y is predicted by a linear model with normally
distributed coefficients, this chance constraint can be reformulated as a
convex, deterministic constraint on process inputs. This new constraint can
then be readily incorporated into the standard MPC formulation. The
resulting on-line optimization problem can be solved using reliable convex
optimization algorithms such as FSQP (Lawrence et al., 1997, Zhou et al.,
1997), or interior-point methods (Kassmann et al., 2000).
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VIl. Future Needs

A. Is BETTER MPC NEEDED?

A seasoned practitioner would probably be in a better position to answer
this question. But then, a more relevant question might be, “Is better MPC
possible?” We claim that the answer is affirmative (to both questions!).

In our discussions with MPC practitioners (certainly not with a statisti-
cally representative sample), the most frequently expressed improvement
need has been to decrease the time that MPC is in the manual mode. The
reasons, however, why MPC is switched to ‘“‘manual” vary widely. It appears
that improvements are needed in various areas (e.g., model development,
computation, programming, communications, user interface), not just MPC
theory. But theory is important, as the preceding sections of this work tried
to explain. Of course, as MPC matures to a commodity status, the particular
algorithm included in a commercial MPC software package, albeit very
important, becomes only one of the elements that can make an MPC
product successful in the marketplace. As with many products, the cost
associated with MPC development, implementation, and maintenance has
to be compared against technical and economical benefits. The term ““better
MPC” need not imply a new variant of the traditional MPC algorithm,
but rather a better way of using computers in computer-aided process
operations. For example, Section VI, B, 2, a made the case about integrating
various levels of the process operations hierarchy. Although expressing the
need for such integration is relatively easy, the complexity of the problem
is great enough not to allow a simple solution as a matter of implementation.
Indeed, understanding the practical limitations as well as the theoretical
properties of a complex computer-integrated system is a formidable chal-
lenge. Because of that, it appears that collaboration between academic and
industrial forces would be beneficial for the advancement of computer-
aided process operations technology.

B. Is More MPC THEORY NEEDED?

Yes! Although there has been significant progress, there are still several
open issues related to MPC robustness, adaptation, nonlinearity handling,
performance monitoring, model building, computation, and implementa-
tion. In general terms, there are two theoretical challenges associated with
advancing MPC technology: (a) development of new classes of control
strategies, and (b) rigorous analysis of the properties of control strategies.
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Practice has shown that both challenges are important to address (Mor-
ari, 1991). MPC is only one tool in the broader area of computer-aided
process engineering. With computer power almost doubling every year
and widespread availability of highly interconnected computers in process
plants, the long-term potential for dramatic developments in computer-
assisted process operations is enormous (Boston et al, 1993; Ramaker et
al, 1997; Rosenzweig, 1993). Although improved MPC systems may be
internally complex, the complexity of the design (e.g., translation of qualita-
tive engineering requirements to design parameter specifications), opera-
tion, and maintenance of such a systems by process engineers and operators
should be low, to ensure successful implementation (Birchfield, 1996). “[In
the past] complexity of design and operation were traded for the simplicity
of the calculation [performed by the controller]. If control engineers had
the computing devices of today when they began to develop control theory,
the evolution of control theory would probably have followed a path that
simplified the design and operation and increased the complexity of control
calculations” (Cutler, 1995).

Our opinion is that effective use of computers will rely on integration
of several different entities, performing different functions and effectively
communicating with one another as well as with humans (Minsky, 1986;
Stephanopoulos and Han, 1994). A broadening spectrum of process engi-
neering activities will be delegated to computers (Nikolaou and Joseph,
1995). Although MPC will remain at the core of such activity, peripheral
activities and communication around regulatory control loops (e.g., process
and controller monitoring, controller adaptation, communication among
different control layers) will grow. Although no single dominant paradigm
for such activities exists at present, it appears that MPC has a very important
role to play.
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